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Strongly Adaptive Token Distribution 1

F. Meyer auf der Heide,2 B. Oesterdiekhoff,2 and R. Wanka2

Abstract. The token distribution (TD) problem, an abstract static variant of load balancing, is defined as
follows: let M be a (parallel processor) network with setP of processors. Initially, each processorP ∈ P has a
certain amountl (P) of tokens. The goal of a TD algorithm, run onM , is to distribute the tokens evenly among
the processors. In this paper we introduce the notion of strongly adaptive TD algorithms, i.e., algorithms whose
running times come close to the best possible runtime, the off-line complexity of the TD problem, for each
individual initial token distributionl . Until now, only weakly adaptive algorithms have been considered, where
the running time is measured in terms of the maximum initial load max{l (P)|P ∈ P}.

We design an almost optimal, strongly adaptive algorithm on mesh-connected networks of arbitrary di-
mension extended by a single 1-bit bus. This result shows that an on-line TD algorithm can come close to
the optimal (off-line) bound for each individual initial load. Furthermore, we exactly characterize the off-line
complexity of arbitrary initial token distributions on arbitrary networks. As an intermediate result, we design
almost optimal weakly adaptive algorithms for TD on mesh-connected networks of arbitrary dimension.

Key Words. Parallel algorithms, Token distribution.

1. Introduction.

1.1. Computation Model. The underlying parallel computation model is the (parallel
processor) network. Such a network consists of a set ofp processors,P = {P1, . . . , Pp}
pairs of which are connected via bidirectional links forming a communication graphM =
(P, E)with E denoting the set of links. We identify the network with its communication
graph. The network is assumed to be synchronized; in a computation step, each processor
can do a constant amount of internal computation and can send a message to a neighboring
processor. We demand that each processor can receive at most one message per step.

1.2. The Token Distribution Problem. Load balancingis one of the basic tasks to be
performed in order to achieve efficient execution of parallel programs on a network: if
a processor is overloaded with work during a computation, it tries to reduce its load by
shifting part of it to less busy processors. The aim is to keep the load balanced among
the processors.

Token distribution(TD) is an abstraction of a static variant of load balancing. Initially
each processorP has a numberl (P) of tokens, i.e., theinitial load is given by a function
l : P → N. We refer toN =∑P∈P l (P) as thetotal load, to k = max{l (P)|P ∈ P} as
themaximum load, and toN/p as theaverage load.

1 This research was partially supported by DFG-Forschergruppe “Effiziente Nutzung massiv paralleler Sys-
teme, Teilprojekt 4,” by the ESPRIT Basic Research Action No. 7141 (ALCOM II), and by the Volkswagen-
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born, Germany.{fmadh,brigitte,wanka }@uni-paderborn.de .
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The goal of token distribution is to distribute the tokens given by the initial load
so that the final load of each processor is close to the average load. More specifi-
cally, a TD algorithm isδ-exact if finally no processor holds more thandN/pe + δ
tokens. Furthermore, we denote the maximum load difference of the processors with
discrepancy.

1.3. Complexity Measures of Token Distribution. In order to be able to measure the
performance of a TD algorithm, we first introduce a quantity which is a lower bound
on the running time of any TD algorithm onM with initial load l . For this purpose,
we consider off-line algorithms for token distribution. In this case, withM , l given, we
allow an arbitrarily complex preprocessing that can be executed without being added to
the complexity and that produces a protocol for each processor telling, for each timet ,
whether and, if yes, where to send a token. We assume that a processor can send and
receive one token per time step. Theoff-line complexityof the TD problem(M, l ), the
TD problem onM with initial loadl , isToff(M; l , δ), the running time of a fastestδ-exact
off-line TD algorithm.

On-line algorithms are designed for a fixed networkM , but do not allow any free
preprocessing given an initial loadl . Thus, a TD algorithm executesdistribution steps,
where each processor can send and receive one token, andcomputation steps, where
computation and communication can take place (e.g., to gather information about the
current load distribution). No tokens are moved in such a step. Theon-line complexity
of the TD problem(M, l ) is T(M; l , δ), the running time of a fastestδ-exact on-line TD
algorithm onM started with initial loadl .

All papers mentioned below consider the followingadaptive complexity measurefor
TD on M :

Tad(M; N, k, δ) = max{T(M; l , δ)|l has maximum load≤ k and total load≤ N}.

In this paper we consider an even stronger version of adaptivity: we want to design on-
line TD algorithms which come close to the performance of off-line algorithms of each
individual initial load function, i.e., we designstrongly adaptiveTD algorithms, showing
that their performance comes close to the lower bound, i.e., the off-line complexity. The
strongly adaptive complexity is the running time of a fastestδ-exact on-line TD algorithm
depending on the off-line complexityToff(M; l , δ), the networkM , and the maximum
loadk of the individual loadl . We assume that the total loadN is initially known to all
processors.

1.4. Known Results About Token Distribution. The token distribution problem was
introduced by Peleg and Upfal [10]. For arbitrary networksM with p processors and
total loadN = p, the same authors show in [11] that, for allk ≥ 2,

Tad(M; p, k, 0) = O(p) and Tad(M; p, k, 0) = Ä(k+ diam(M)),

with diam(M) denoting the diameter ofM .
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Matching upper bounds are shown in [11], by Herley [4], and by Broderet al. [3] for
certain classesK of expander-related, bounded-degree, low-diameter networks, i.e.,

Tad(M; p, k,O(1)) = O(k+ log p)

for all M ∈ K.
Aiello et al. [1] analyze a very simple algorithm for arbitrary graphs and show by using

advanced and elegant techniques that, for constant-degree graphsGµ with p processors
and expansionµ,

Tad

(
Gµ; N, k,O

(
1

µ
log p

))
= O

(
k · p− N

p · µ log(k · p− N)

)
.

Plaxton [12] investigates the TD problem on thed-dimensional hypercubeQd. He
shows that, fork ≥ 2 · N/p,

Tad(Qd; N, k, 0) = Ä
(

k ·
√

d

d + log(k/N)

)

and Tad(Qd; poly(p), k, 0) = O(k
√

d + d2). Werchner [16] deals with certain TD
problems onQd. By carefully analyzing expansion properties ofQd, he shows that
Tad(Qd; k · p1/2−Ä(1), k, 0) = O(k+ d2 · logd).

JáJá and Ryu [5] investigate the TD problem for the cube-connected cycles network,
shuffle-exchange network, and the butterfly network. Qiu and Akl [13] do so for the star
and pancake networks.

Makedon and Symvonis [8] address the many-to-one routing problem on the two-
dimensional

√
p-sided meshM(

√
p, 2). Their results can easily be modified to show

that

Tad(M(
√

p, 2); p, k, 0) = 2(
√

k · p) .
Very recently, the many-to-one routing problem for higher-dimensional meshes was
investigated in [14], where similar bounds are shown.

A further approach to the TD problem iscounting networksintroduced by Aspneset
al. [2] and improved by Klugerman and Plaxton [6], where circuits for the TD problem
are constructed similar to sorting circuits.

1.5. New Results About Token Distribution. In this paper we characterize almost ex-
actly the off-line complexity of TD. Furthermore, we consider TD on thed-dimensional
n-sided mesh-connected networkM(n, d) and characterize its adaptive TD complexity
up to a factor ofO(d2) (resp.O(d · 2d) if the maximum load is small). Finally, we
present a strongly adaptive algorithm for TD onM(n, d) which only differs by a factor
of O(d3 · logk) (resp.O(d · 2d + d3 · logk) if the maximum load is small) from the
off-line bound. More specifically, we prove:

THEOREM1 (Off-line Complexity of TD). Let M be a network and let l be an initial
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load.For X ⊆ P, let I (X) :=∑P∈X l (P)be the load of X,and let N= I (P).match(X)
denotes the cardinality of a maximum matching between X andP \ X.

Toff(M; l , 0) ≥ max
∅$X$P

⌈
I (X)− dN/pe · |X|

match(X)

⌉
.(a)

Toff(M; l , 1) ≤ max
∅$X$P

⌈
I (X)− dN/pe · |X|

match(X)

⌉
.(b)

Thus, we obtain an exact characterization of the off-line complexity of TD with the
restriction that the upper bound only holds if we allow the final maximum load to be one
token larger than desired. The following observation shows, if we allow only

max
∅$X$P

⌈
I (X)− dN/pe · |X|

match(X)

⌉
steps, that TD cannot be solved 0-exactly.

OBSERVATION 1. There is an infinite family of TD problems(M, l ) with the following
properties:

N = p,

k ≤ max
∅$X$P

⌈
I (X)− dN/pe · |X|

match(X)

⌉
= 1

2 p+ 1=: T,

and

Toff(M; l , 0) ≥ T + 2 · √T − 1− 4.

THEOREM2 (Weakly Adaptive Complexity of TD on Meshes).

(a) For k ≥ 2 · (N/nd), Tad(M(n, d); N, k, 0) = Ä((1/d) · d
√

N · kd−1).
(b) Tad(M(n, d); N, k, 0) = O(2d · d

√
N · kd−1+ 2d · n).

For k ≥ 2 · (N/nd), Tad(M(n, d); N, k, 0) = O(d · d
√

N · kd−1+ d2 · n).

This theorem extends the result of [8] mentioned above. We use its basic ideas, but have
to add further techniques to generalize for arbitrary total load and arbitrary dimension.
Note that, for constantd, the bounds in Theorem2 match. We extend our underlying
parallel computation model by a global bus capable of storing one bit. Each processor is
able to write on and to read from this bus in one time step. By using the weakly adaptive
algorithms as subroutines, we show the following main result of this paper.

THEOREM3 (Strongly Adaptive Complexity of TD on Meshes).T(M(n, d); l , 1) =
O((d · 2d + d3 · logk) · Toff(M(n, d), l , 0)). For k ≥ 2 · (N/nd), T(M(n, d); l , 1) =
O((d3 · logk) · Toff(M(n, d), l , 0)) for each individual load l with maximum load k.

This result shows that an on-line TD algorithm can come close to the optimal (off-line)
bound for each individual initial load.
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2. The Off-line Complexity of Token Distribution

THEOREM1 (Off-line Complexity of TD). Let M be a network, and let l be an initial
load.For X ⊆ P, let I (X) :=∑P∈X l (P)be the load of X,and let N= I (P).match(X)
denotes the cardinality of a maximum matching between X andP \ X.

Toff(M; l , 0) ≥ max
∅$X$P

⌈
I (X)− dN/pe · |X|

match(X)

⌉
.(a)

Toff(M; l , 1) ≤ max
∅$X$P

⌈
I (X)− dN/pe · |X|

match(X)

⌉
.(b)

2.1. Off-line Lower Bound. The lower bound is based on expansion properties ofM
like Plaxton’s lower bound [12]. It is similar to that mentioned by Peleg and Upfal [11].

PROOF OFTHEOREM1(a). Consider an arbitrary setX of processors,∅ $ X $ P.
Initially, X containsI (X) tokens, finally at mostdN/pe · |X|. Thus,I (X)−dN/pe · |X|
tokens have to leaveX. At mostmatch(X) tokens can leaveX per time step. Thus, any
solution to the TD problem requires at least max∅$X$Pd(I (X)−dN/pe·|X|)/match(X)e
distribution steps.

In what follows, we show that this bound is tight for arbitrary networks, if we allow
preprocessing, and if some processors may eventually hold one token more than the
average load. Note that, in this case, the diameter ofM does not influence the off-line
running time in the following sense. Consider a graph consisting ofKp/2, the complete
graph of12 p nodes, and a linear array of length1

2 p where one of the endnodes of the array
is connected to an arbitrary node ofKp/2. The diameter of the graph is12 p+ 1= 2(p).
If we havep tokens only distributed onKp/2 with initial maximum loadk = O(log p),
these tokens can be distributed onKp/2 in O(log p) steps so that finally each processor
has exactly two tokens, i.e., one token more than the average load. However, if it is
required that each processor holds exactly one token, each algorithm needs at leastÄ(p)
steps for the given problem.

2.2. An Almost Optimal Off-line Algorithm

PROOF OFTHEOREM1(b). To prove the theorem, we use a novel approach. We trans-
form the TD problem onM = (P, E) with initial load l and desired final maximum
loadm into a maximum flow problem on a directed flow graphGf (M, l , t,m) (or Gf

for short). The parametert stands for the running time we allow to solve the TD prob-
lem. For the terminology of network flow methods, see, e.g., [15]. An example for the
transformation of the linear arrayM(3, 1) of length 3 with initial loadl , l (P1) = 4,
l (P2) = 3, l (P3) = 5, into the flow graphGf (M(3, 1), l , 2, 4) is given in Figure1.

Gf consists of main levelsV0, . . . ,Vt and, associated with them, helping levels
V̂0, . . . , V̂t−1, Ṽ1, . . . , Ṽt . Each level consists of copies of all processors ofM . The flow
from the sourceq to a vertex inVi represents the load of the corresponding processor
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Fig. 1. Transformation of(M(3, 1), l ) into the flow-graphGf (M(3, 1), l , 2, 4). The four marked nodes form
a cutC with cap(C) = 13.

of M after i distribution steps of a possible TD algorithm. In particular, a path between
two main levelsVi andVi+1 models a single distribution step.

To establish the initial distribution of tokens, we have edges from the sourceq to the
vertices inV0, where the capacities are chosen with respect to the initial loadl . As the
vertices inVt represent the token distribution at the end of a possible TD algorithm, these
vertices are connected to the sinks via edges with capacitym.

To model the constraints of a single distribution step, we use two helping levelsV̂i

andṼi+1 between eachVi andVi+1, i ∈ {0, . . . , t − 1}. The reason is that we have to
take care of the following mode of communication among processors as described in the
Introduction:

1. Each processor can send at most one token per time step (ensured by the edges with
capacity 1 betweenVi andV̂i ).

2. Each processor can receive at most one token per time step (ensured by the edges
with capacity 1 betweeñVi+1 andVi+1).

3. Each processor holds the tokens not transmitted (ensured by the edges with infinite
capacity betweenVi andVi+1).

See Figure1 for the details of realizing 1–3. Finally, the helping levels are connected
with respect to the links ofM by edges with capacity∞.

As all capacities are integers, the Integrality Theorem (see [15]) ensures that there is
a maximum flow such that all flows along all edges are integers. Therefore, if there is
a maximum flow with valueN in Gf , the N tokens can be redistributed amongM in t
steps, so that eventually the maximum number of tokens in any processor is at mostm.
Of course, we wantm= dN/pe (average load) andt as small as possible. The following
lemma implies Theorem1(b).

LEMMA 1. The value of a maximum flow on Gf = Gf (M, l , T, dN/pe + 1) is N, if

T = max
∅$X$P

⌈
I (X)− dN/pe · |X|

match(X)

⌉
.
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PROOF. We use the well-known Maxflow–Mincut Theorem (see [15]). Let Vf be the
vertices andc the capacities inGf . Let C ⊂ Vf be an arbitrary(q, s)-cut in Gf , i.e.,
q ∈ C ands /∈ C (see Figure1). Let out(C) denote the set of edges from nodes in
C to nodes inVf \ C, andcap(C) = ∑

e∈out(C) c(e) the capacity ofC. We show that
cap(C) ≥ N .

For u ∈ P, let ui ∈ Vi denote the copy ofu in Vi . Let Ci = C ∩ Vi ,

orig(Ci ) = {u ∈ V |ui ∈ Ci }.

If C0 = ∅, or Ct = Vt , or out(C) contains an edge with infinite capacity,cap(C) ≥ N
is obviously true.

Now assume thatC0 6= ∅,Ct 6= Vt , andout(C) contains none of the edges with infinite
capacity. As a consequence, we haveCi+1 ⊇ {ui+1|ui ∈ Ci }. If Ci+1 = {ui+1|ui ∈ Ci },
the subgraph induced byVi , Vi+1, and the corresponding helping levels contributes at
leastmatch(orig(Ci )) to cap(C), because a maximum matching betweenorig(Ci ) and
orig(Vi \ Ci ) corresponds directly to a system of vertex-disjoint paths betweenVi and
Vi+1, each path leavingC. That means for each edge{u, v} of the maximum matching
betweenorig(Ci ) andorig(Vi \ Ci ), ui ∈ Ci andvi+1 /∈ Ci+1. Thus, there is a cut of
at least 1 on the path betweenui andvi+1. If Ci+1 % {ui+1|ui ∈ Ci }, each vertex in
Ci+1 \ {ui+1|ui ∈ Ci } decreases the capacitymatch(orig(Ci )) by at most 1 because the
paths to them do not leaveC. Thus, the contribution of the edges betweenVi andVi+1

to cap(C) is at leastmatch(orig(Ci ))− (|Ci+1| − |Ci |) for all i < T . Using this fact and
that

T ≥ I (orig(Ci ))− dN/pe · |Ci |
match(orig(Ci ))

for all i,

we have the following estimation forcap(C):

cap(C) =
∑

u∈orig(V0\C0)

l (u)+
T−1∑
i=0

(
match(orig(Ci ))− (|Ci+1| − |Ci |)

)
+
(⌈

N

p

⌉
+ 1

)
· |CT |

= I (orig(V0\C0))+ |C0| +
⌈

N

p

⌉
· |CT | +

T−1∑
i=0

match(orig(Ci ))

≥ I (orig(V0\C0))+ |C0| +
⌈

N

p

⌉
· |CT | + T ·match(orig(Cj ))

≥ I (orig(V0 \ C0))+ I (orig(Cj ))︸ ︷︷ ︸
≥N

+|C0| +
⌈

N

p

⌉
· (|CT | − |Cj |︸ ︷︷ ︸

≥0

)

≥ N,

where j is such thatmatch(orig(Cj )) = min{match(orig(Ci ))|0≤ i ≤ T − 1}.
Thus,C = {q} is a minimum cut withcap(C) = N.
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Fig. 2.0-exact TD requires more thanT steps.

OBSERVATION 1. There is an infinite family of TD problems(M, l ) with the following
properties:

N = p,

k ≤ max
∅$X$P

⌈
I (X)− dN/pe · |X|

match(X)

⌉
= 1

2 p+ 1=: T,

and

Toff(M; l , 0) ≥ T + 2 · √T − 1− 4.

PROOF. Consider the networkM shown in Figure2 and the given initial load.Kp/2

denotes the complete network consisting of1
2 p processors. For this TD problem, we

have

T = max
∅$X$P

⌈
I (X)− dN/pe · |X|

match(X)

⌉
= 1

2 p+ 1

(see the marked region). Because of the diameter of the marked region, at least1
2 p +

1+ 2 ·
√

1
2 p− 4 distribution steps are necessary.

3. The Adaptive Complexity of Token Distribution on Meshes.

THEOREM2 (Weakly Adaptive Complexity of TD on Meshes).

(a) For k ≥ 2 · (N/nd), Tad(M(n, d); N, k, 0) = Ä((1/d) · d
√

N · kd−1).
(b) Tad(M(n, d); N, k, 0) = O(2d · d

√
N · kd−1+ 2d · n).

For k ≥ 2 · (N/nd), Tad(M(n, d); N, k, 0) = O(d · d
√

N · kd−1+ d2 · n).

3.1. Lower Bound

PROOF OFTHEOREM2(a). We construct a poor input for thed-dimensionaln-sided
meshM(n, d) as follows: Concentrate all tokens in a corner region ofM(n, d) that
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Fig. 3.All tokens are located at a corner of the mesh.

is isomorphic toM((N/k)1/d, d). (The situations ford = 2 andd = 3 are shown in
Figure3). This corner region hasd · (N/k)(d−1)/d outgoing links. Arguing as in the proof
of Theorem1(a), any solution to the problem described above requires at least

N − (N/nd) · (N/k)

d · (N/k)(d−1)/d
=
(

1− N

nd · k
)
· 1

d
· d
√

N · kd−1

≥ 1

2
· 1

d
· d
√

N · kd−1

= Ä

(
1

d
· d
√

N · kd−1

)

distribution steps, ifk ≥ 2 · (N/nd).

Note that the conditionk ≥ 2 · (N/nd) is true for each TD problem onM(n, d) with
total loadN = nd.

3.2. Adaptive Algorithm

PROOF OFTHEOREM2(b). We first present a TD algorithm requiringO(2d ·( d
√

N · kd−1

+ n)) steps. Note that this is optimal whend is constant. Concluding this section, we
present an algorithm that is faster for the case thatk ≥ 2 · (N/nd).

Let M1,M2, . . . ,Mn be a partition ofM(n, d) into n copies ofM(n, d − 1), and let
A1, . . . , And−1 be a partition intond−1 linear arrays of lengthn where each vertex of an
array belongs to a differentMr . The partition ofM(n, d) into M1,M2, . . . ,Mn and one
As is shown in Figure4.

The following algorithm, started onM(n, d), generates a distribution with discrep-
ancy 1. Note that such a distribution is 0-exact.
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Fig. 4.Partition ofM(n, d).

TD algorithm

if d = 1 then
1. Distribute the tokens with discrepancy 1.
if d > 1 then
2. In eachMr , color min{ar ,

d
√

Nd−1 · k} arbitrary tokens of thear tokens
in Mr black, and all remaining tokens white.

3. Recursively distribute the black tokens in eachMr with discrepancy 1.
4. Letkr be such that each processor inMr containskr or kr + 1 black

tokens. Selectkr of the black tokens in each processor ofMr .
5. Distribute the selected black tokens in eachAs with discrepancy 1.

Comment: Note that the current distribution of the black tokens has overall
discrepancy 2.

6. Distribute the white tokens in eachAs with discrepancy 1.
7. Leths be such that each processor inAs containshs or hs + 1 white

tokens. Selecths of the white tokens in each processor ofAs.
8. Recursively distribute the selected white tokens in eachMr with dis-

crepancy 1.

Comment: Note that the current distribution of the white tokens has over-
all discrepancy 2. Thus, the current distribution of all tokens has discrep-
ancy 4.

9. Distribute the tokens inM(n, d), so that the discrepancy decreases
to 1.

LEMMA 2. The above algorithm solves each TD problem on M(n, d) with maximum
load k in O(2d · ( d

√
N · kd−1+ n)) steps with discrepancy1.

PROOF. (d = 1) Obviously, Step 1 can be executed in timeO(N + n) (see [7]).
(d > 1) The method of the algorithm is to split up the tokens into two sets and to

balance one set at first in eachMr and then across eachAs and the other set at first across
eachAs and then in eachMr .

In Step 2 we choose at mostd
√

Nd−1 · k black tokens and the rest of tokens are white,
because this splitting guarantees that the time complexity for distributing the tokens in
the(d − 1)-dimensional meshMr (Steps 3 and 8) is not too large. This splitting for the
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cased = 2 andN = n2 is used by Makedon and Symvonis [8] for many-to-one routing
similarly.

To execute Step 2, the tokens in eachMr are counted first. Then each processor knows
how many of its at mostk tokens it has to color black. In order to count the tokens, a
prefix computation and a broadcast have to be done on ad-dimensionaln-sided mesh.
Both of these computations can be realized inO(d ·n) steps by runningd phases in each
phase communicating on linear arrays ofn processors. For these procedures, see [7].
Thus, Step 2 requiresO(d · n+ k) = O(d · n+ d

√
N · kd−1) steps.

In Step 3 at mostd
√

Nd−1 · k black tokens in eachMr will be balanced with discrep-
ancy 1. By inductive assumption, balancingd

√
Nd−1 · k black tokens in Step 3 needs

O(2d−1 · ( d
√

N · kd−1+ n)) steps.
In order to do Step 4, the valuekr has to be known by each processor ofMr . Obviously,

this can be done inO(d · n) steps by a prefix computation and a broadcast.
Since the numbers of selected black tokens are the same in eachAs and there are

exactly N tokens in the mesh, there are at mostN/nd−1 ≤ d
√

N · kd−1 selected black
tokens in everyAs. Thus, balancing in Step 5 requiresO( d

√
N · kd−1+ n) time steps.

Since in eachMr up to d
√

Nd−1 · k tokens are black, and since there are exactly
N tokens in the mesh, there are less thanN/ d

√
Nd−1 · k = (N/k)1/d submeshesMr

containing white tokens. Thus, the total number of white tokens in eachAs is at most
(N/k)1/d · k = d

√
N · kd−1. Thus, Step 6 requiresO( d

√
N · kd−1+ n) steps.

Step 7 can be done in the same way as Step 4. Since the number of selected white
tokens are the same in eachMr , there are at mostN/n ≤ d

√
Nd−1 · k selected white

tokens in eachMr , after Step 7. Thus, Step 8 requiresO(2d−1 · ( d
√

N · kd−1+ n)) steps.
In subsection 3.4.3 of [7], a monotone routing algorithm ond-dimensional hypercubes

requiring O(d) steps is described. It can easily be generalized for meshes, needing
O(d · n) steps onM(n, d). In Step 9 we redistribute the tokens in at most three phases,
each phase reducing discrepancy by at least 1, performing monotone routing. Thus,
Step 9 requiresO(d · n) steps.

Altogether, the TD algorithm requiresO(2d · ( d
√

N · kd−1+ n)) steps.

For completeness, we present an adaptive TD algorithm achieving a better perfor-
mance for a large maximum load, i.e.,k ≥ 2·(N/nd). It requiresO(d· d

√
N · kd−1+d2·n)

steps. Note that the conditionk ≥ 2 · (N/nd) is always true for TD problems with total
load N = nd.

Faster TD algorithm

if d = 1 then
1. Distribute the tokens with discrepancy 1.
if d > 1 then
2. In eachMr , color min{ar , ((

d
√

2−1)/ d
√

2) d
√

Nd−1 · k} arbitrary tokens
of thear tokens inMr black, and the remaining tokens white.

3. Distribute the white tokens in eachAs with discrepancy 1.
4. Let ks be such that each processor inAs containsks or ks + 1 white

tokens. Selectks of the white tokens in each processor ofAs.



424 F. Meyer auf der Heide, B. Oesterdiekhoff, and R. Wanka

5. Recursively distribute the black tokens together with the selected
white tokens in eachMr with discrepancy 1.

6. Lethr be such that each processor inMr contains exactlyhr , hr +1,
or hr + 2 tokens. Selecthr of the tokens in each processor ofMr .

7. Distribute the selected tokens in eachAs with discrepancy 1.

Comment: Note, the current distribution has discrepancy at most 3.

8. Distribute the tokens inM(n, d), so that the discrepancy is reduced
to 1.

The splitting into black and white tokens in Step 2 and the conditionk ≥ 2 · (N/nd)

guarantee that the time complexity for distributing the tokens in Step 5 is not too large.
By methods similar to those used in the proof of Lemma2, the correctness and the time
complexity of the above algorithm can be proved. Thus, Theorem 2(b) is proved.

4. The Strongly Adaptive Complexity of Token Distribution on Meshes

THEOREM3 (Strongly Adaptive Complexity of TD on Meshes).T(M(n, d); l , 1) =
O((d · 2d + d3 · logk) · Toff(M(n, d), l , 0)). For k ≥ 2 · (N/nd), T(M(n, d); l , 1) =
O((d3 · logk) · Toff(M(n, d), l , 0)) for each individual load l with maximum load k.

PROOF. In Section3.2it is shown that the (adaptive) complexity of the TD problem on
M(n, d) is O(2d · ( d

√
N · kd−1 + n)), and for the casek ≥ 2 · (N/nd) the complexity

can be improved toO(d2 · ( d
√

N · kd−1 + n)). Let T := Toff(M(n, d), l , 0) be the off-
line complexity of the TD problem onM(n, d). Now we present a strongly adaptive
algorithm solving the problem 1-exactly inO((d · 2d + d3 · logk) · T) steps and in
O(d3 · logk · T) steps, ifk ≥ 2 · N/nd, respectively. For that purpose, we partition
M(n, d) into submeshesS(2dT, d) that are isomorphic toM(2dT, d). For example, we
have illustrated such partitionings ford = 2 andd = 3, respectively, in Figure5.

The following lemma is the key observation for our method. It shows that if we
solve the TD problem locally in eachS(2dT, d), then the wholeM(n, d) is balanced
1-exactly.

Fig. 5.Partitioning into submeshes.
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LEMMA 3. Let S be an arbitrary submesh isomorphic to M(m, d) in M(n, d). Let L be
the load of an arbitrary processor in S after balancing S. ThenbbN/ndc − 2dT/mc ≤
L ≤ ddN/nde + 2dT/me.

PROOF. Let P be the total number of tokens initially located in an arbitrary submesh
S of M(n, d). T is the real off-line complexity for solving the TD problem onM
with initial load l 0-exactly. Thus, an optimal off-line algorithm balances during its
execution onM(n, d) eachS in T off-line steps. At most 2d · md−1 tokens can leave
S per time step, and at mostdN/nde ·md tokens may be inS afterT time steps. Thus,
P − 2dT · md−1 ≤ dN/nde · md. Analogously, at most 2d · md−1 tokens can enterS
per time step, and at leastbN/ndc · md tokens must be inS after T time steps. Thus,
P + 2dT · md−1 ≥ bN/ndc · md. After balancing eachS, either L = bP/mdc or
L = dP/mde. The estimation forL is concluded directly.

By Lemma3, to solve the TD problem onM(n, d) 1-exactly, it is sufficient to solve
the problem locally in eachS(2dT, d). Here, the weakly adaptive algorithm described
in Section3.2could be used locally. However, this direct application results in a running
time that becomes quite large. Therefore, we use a more complicated procedure to solve
the TD onM(n, d) 1-exactly, which is described in the following algorithm.

Algorithm Local-TD (T)

1. For eachS(2dT, d): Determine the local maximum loadks and broad-
cast this value to all processors inS(2dT, d).

2. Consider a partition of eachS(2dT, d) into submeshes
S(2 · (2dT/ks), d). Balance the tokens in eachS(2 · (2dT/ks), d)
with discrepancy 1 by using one of the weakly adaptive algorithms
described in Section3.2.

3. for l := 1 to logks − 1 do
Combine 2d neighboring balancedS(2l · (2dT/ks), d) to one
S(2l+1 · (2dT/ks), d) and reduce the discrepancy between all
S(2l · (2dT/ks), d) of eachS(2l+1 · (2dT/ks), d) in the following
way:
(a) for p := 0 to d − 1 do

Determine the discrepancy between the twoS(2l ·
(2dT/ks), d) neighbored in dimensionp, and reduce the
discrepancy between these two submeshes to at most 2.

Comment: After (a) is executed, the discrepancy in each
S(2l+1 · (2dT/ks), d) is at mostd + 1.

(b) for p := d downto 1 do
Distribute the tokens in eachS(2l+1 · (2dT/ks), d), so that
the discrepancy is decreased to at mostp.

LEMMA 4. Local-TD (T) solves the TD problem on M(n, d) 1-exactly in O((d · 2d +
d3 · logk) · T) steps and in O(d3 · logk · T) steps, if k ≥ 2 · (N/nd), respectively.
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PROOF. To execute Phase 1 a prefix computation and a broadcast have to be performed
on a d-dimensional 2dT-sided mesh. Both of these computations can be realized in
O(d2 · T) steps by runningd phases in each phase operating on linear arrays of length
2dT. Since in eachS(2 · (2dT/ks), d) the maximum load is at mostks, and since the
total number of tokens is at mostks · (2 · (2dT/ks))

d, the (adaptive) algorithm in Phase 2
requiresO(d ·2d ·T) steps andO(d3 ·T) steps, ifk ≥ 2 · (N/nd), respectively. Because
of Lemma3, we know that when passl of the loop in Phase 3 is executed, the load
of an arbitrary processor in eachS(2l+1 · (2dT/ks), d) is at leastbbN/ndc − ks/2l+1c
and at mostddN/nde + ks/2l+1e. Hence, the discrepancy at the beginning of passl is
O(ks/2l ). Determining the discrepancy in Phase 3(a) can be done inO(d2 · T) steps in
the same way as in Phase 1. Balancing in Phase 3(a) can be done by moving one token of
each processor inS(2l · (2dT/ks), d) to the corresponding processor in the neighbored
S(2l · (2dT/ks), d). Since the discrepancy is at mostO(ks/2l ), balancing in Phase 3(a)
needsO(d · T) steps. Thus, Phase 3(a) requiresO(d3 · T) steps. The distribution of
tokens in Phase 3(b) in order to decrease the discrepancy can be implemented in the
same way as in the algorithms in Section3.2. Hence, Phase 3(b) needsO(d3 · T) steps.
Thus, Phase 3 requiresO(d3 · logk · T) steps.

In the above algorithm we have assumed that the value ofT is known by each
processor in advance. In order to avoid this, we extend our network model by a global
bus capable of storing one bit. Each processor is able to write on and to read from this
bus in one time step. If the processors write different values, then the bus receives the
logical AND of these values. Although the modified model does not rigorously fit into
the fixed-connection network model, it is simple to realize in practice. The following
algorithm solves the TD problem onM(n, d) 1-exactly inO((d · 2d + d3 · logk) · T)
and inO(d3 · logk · T) steps, ifk ≥ 2 · (N/nd), respectively, without knowing the value
of T in advance by using the modified network model.

Algorithm TD

t := 1.
Do
• t := 2 · t .
• Local-TD (t).
• Each processorP with loadL P writes the following bit on the bus:

bus :=
1 if

⌊
N

nd

⌋
− 1≤ L P ≤

⌈
N

nd

⌉
+ 1,

0 otherwise.
until bus= 1.

Note that each processor has to know the total numberN of tokens.

LEMMA 5. Algorithm TD solves the token distribution problem on M(n, d)
1-exactly in O((d · 2d + d3 · logk) · T) steps and in O(d3 · logk · T), if k ≥ 2 · N/nd,
respectively.
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PROOF. In TD the algorithmLocal-TD is started fort = 2, t = 22, . . . , t = 2dlogTe.
Thus,TD requires

∑dlogTe
i=1 O((d · 2d + d3 · logk) · 2i ) = O((d · 2d + d3 · logk) · T)

time steps and
∑dlogTe

i=1 O(d3 · logk · 2i ) = O(d3 · logk · T) time steps, respec-
tively.

This concludes the proof of Theorem 3. Note that withO(d · n · logT) extra time,
the additional global bus may be eliminated.
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