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Strongly Adaptive Token Distribution *
F. Meyer auf der Heidé B. Oesterdiekhoff,and R. Wank&

Abstract. The token distribution (TD) problem, an abstract static variant of load balancing, is defined as
follows: letM be a (parallel processor) network with $&bf processors. Initially, each processdbe P has a

certain amounit(P) of tokens. The goal of a TD algorithm, run &, is to distribute the tokens evenly among

the processors. In this paper we introduce the notion of strongly adaptive TD algorithms, i.e., algorithms whose
running times come close to the best possible runtime, the off-line complexity of the TD problem, for each
individual initial token distributiorh. Until now, only weakly adaptive algorithms have been considered, where
the running time is measured in terms of the maximum initial load{hi&3| P € P}.

We design an almost optimal, strongly adaptive algorithm on mesh-connected networks of arbitrary di-
mension extended by a single 1-bit bus. This result shows that an on-line TD algorithm can come close to
the optimal (off-line) bound for each individual initial load. Furthermore, we exactly characterize the off-line
complexity of arbitrary initial token distributions on arbitrary networks. As an intermediate result, we design
almost optimal weakly adaptive algorithms for TD on mesh-connected networks of arbitrary dimension.

Key Words. Parallel algorithms, Token distribution.

1. Introduction.

1.1. Computation Model The underlying parallel computation model is the (parallel
processor) network. Such a network consists of a sptwbcessorsP = (P, ..., Py}

pairs of which are connected via bidirectional links forming a communication gviph

(P, E) with E denoting the set of links. We identify the network with its communication
graph. The network is assumed to be synchronized; in a computation step, each processor
can do a constantamount of internal computation and can send a message to a neighboring
processor. We demand that each processor can receive at most one message per step.

1.2. The Token Distribution Problem Load balancings one of the basic tasks to be
performed in order to achieve efficient execution of parallel programs on a network: if
a processor is overloaded with work during a computation, it tries to reduce its load by
shifting part of it to less busy processors. The aim is to keep the load balanced among
the processors.

Token distributiof{TD) is an abstraction of a static variant of load balancing. Initially
each processd? has a numbdr( P) of tokens, i.e., thaitial load is given by a function
I: P — N.WerefertoN =) ,_, |(P) as thetotal load tok = max{|(P)|P € P} as
themaximum loagdand toN/p as theaverage load
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The goal of token distribution is to distribute the tokens given by the initial load
so that the final load of each processor is close to the average load. More specifi-
cally, a TD algorithm iss-exactif finally no processor holds more thgiN/p] + §
tokens. Furthermore, we denote the maximum load difference of the processors with
discrepancy

1.3. Complexity Measures of Token Distributionin order to be able to measure the
performance of a TD algorithm, we first introduce a quantity which is a lower bound

on the running time of any TD algorithm dWl with initial load |. For this purpose,

we consider off-line algorithms for token distribution. In this case, Wwithl given, we

allow an arbitrarily complex preprocessing that can be executed without being added to
the complexity and that produces a protocol for each processor telling, for each time
whether and, if yes, where to send a token. We assume that a processor can send and
receive one token per time step. Tdig-line complexityof the TD problem(M, |), the

TD problem onM with initial loadl, is T°f(M; I, §), the running time of a faste&texact

off-line TD algorithm.

On-line algorithms are designed for a fixed netwdk but do not allow any free
preprocessing given an initial loadThus, a TD algorithm executesstribution steps
where each processor can send and receive one tokemoamultation stepsvhere
computation and communication can take place (e.g., to gather information about the
current load distribution). No tokens are moved in such a step ofH&ée complexity
of the TD problemM, 1) is T(M; 1, §), the running time of a fastestexact on-line TD
algorithm onM started with initial load.

All papers mentioned below consider the followiadaptive complexity measufi@r
TD on M:

Tad(M; N, k, ) = max{T (M; I, §)|l has maximum load: k and total loadk N}.

In this paper we consider an even stronger version of adaptivity: we want to design on-
line TD algorithms which come close to the performance of off-line algorithms of each
individual initial load function, i.e., we desigitrongly adaptivd D algorithms, showing

that their performance comes close to the lower bound, i.e., the off-line complexity. The
strongly adaptive complexity is the running time of a fastestact on-line TD algorithm
depending on the off-line complexify°(M; I, §), the networkM, and the maximum
loadk of the individual load . We assume that the total loddis initially known to all
processors.

1.4. Known Results About Token DistributionThe token distribution problem was
introduced by Peleg and Upfal()]. For arbitrary networksV with p processors and
total loadN = p, the same authors show ih]] that, for allk > 2,

Tad(M; p,k,0) = O(p) and Tug(M; p, k, 0) = Q(k + diam(M)),

with diam(M) denoting the diameter d¥l.
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Matching upper bounds are shown irl], by Herley 4], and by Brodeet al. [3] for
certain classek of expander-related, bounded-degree, low-diameter networks, i.e.,

Tad(M; p, k, O(1)) = O(k + log p)

forall M e K.

Aiello etal [1] analyze a very simple algorithm for arbitrary graphs and show by using
advanced and elegant techniques that, for constant-degree @aptith p processors
and expansiop,

1 k-p—N
Tad<GM; N, K, O(— log p)) = O(pi logk- p— N)).
2 p-u

Plaxton [L2] investigates the TD problem on tliedimensional hypercub®y. He
shows that, fok > 2- N/p,

d
Tad(Qa; N, k, 0) = €2 (k ’ \/d—i—k):g(ldl\l))

and Tag(Qq; poly(p), k, 0) = O(k«/d + d?). Werchner 6] deals with certain TD
problems onQq. By carefully analyzing expansion properties Qf, he shows that
Tad(Qq; k- p¥22D k 0) = O(k + d? - logd).

JaH and Ryu ] investigate the TD problem for the cube-connected cycles network,
shuffle-exchange network, and the butterfly network. Qiu and 2AHIdlo so for the star
and pancake networks.

Makedon and Symvonis8] address the many-to-one routing problem on the two-
dimensional,/p-sided meshM (,/p, 2). Their results can easily be modified to show
that

Tad(M(/P, 2); p.k, 0) = O(Vk- p) .

Very recently, the many-to-one routing problem for higher-dimensional meshes was
investigated in14], where similar bounds are shown.
A further approach to the TD problemadsunting networkitroduced by Aspnest
al. [2] and improved by Klugerman and Plaxtds],[where circuits for the TD problem
are constructed similar to sorting circuits.

1.5. New Results About Token Distributionin this paper we characterize almost ex-
actly the off-line complexity of TD. Furthermore, we consider TD ondhgimensional
n-sided mesh-connected netwdvk(n, d) and characterize its adaptive TD complexity
up to a factor ofO(d?) (resp.O(d - 2%) if the maximum load is small). Finally, we
present a strongly adaptive algorithm for TD bh(n, d) which only differs by a factor
of O(d® - logk) (resp.O(d - 29 + d® - logk) if the maximum load is small) from the
off-line bound. More specifically, we prove:

THEOREM1 (Off-line Complexity of TD). Let M be a network and let | be an initial
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load. For X € P,let1(X) := Y p_x | (P) betheload of Xand let N= | (P). match(X)
denotes the cardinality of a maximum matching between XK.

(@) To"(M;1,0) > max 100 = [N/p1 - | |
T T exGP match(X) '
(b) TOM:1, 1) < max | LOO= NPT IXI]
T T egxCp match X) '

Thus, we obtain an exact characterization of the off-line complexity of TD with the
restriction that the upper bound only holds if we allow the final maximum load to be one
token larger than desired. The following observation shows, if we allow only

I (X) — [N/p] - | X]
match(X)

max
PSXGP

steps, that TD cannot be solved 0-exactly.

OBSERVATION 1. There is an infinite family of TD problengM, |) with the following
properties

N = p,
k= max | LOZINPLIXE g g
pCXSP match X)

and
T M;1,0)>T+2- VT —-1—4

THEOREM 2 (Weakly Adaptive Complexity of TD on Meshes).

(@) Fork > 2- (N/n%), Tag(M(n, d); N, k, 0) = Q((1/d) - /N - kd-1).
(b) Taa(M(n, d); N, k,0) = O(2% - ¥/N -kd-1429. ).
Fork > 2. (N/n%), Tag(M(n, d); N, k,0) = O(d - ¥N - kd-1 4 d2.n).

This theorem extends the result 8fnentioned above. We use its basic ideas, but have
to add further techniques to generalize for arbitrary total load and arbitrary dimension.
Note that, for constard, the bounds in Theorerd match. We extend our underlying
parallel computation model by a global bus capable of storing one bit. Each processor is
able to write on and to read from this bus in one time step. By using the weakly adaptive
algorithms as subroutines, we show the following main result of this paper.

THEOREM 3 (Strongly Adaptive Complexity of TD on Meshes)T (M(n,d);1,1) =
O((d - 29 + d3 - logk) - T°f(M(n, d),,0)). Fork > 2. (N/n%), T(M(n,d);1,1) =
O((d3 - logk) - T°f(M(n, d), 1, 0)) for each individual load | with maximum load k

This result shows that an on-line TD algorithm can come close to the optimal (off-line)
bound for each individual initial load.
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2. The Off-line Complexity of Token Distribution

THEOREM1 (Off-line Complexity of TD). Let M be a networkand let | be an initial
load. For X € P, let| (X) := ) p.x | (P)betheload of Xandlet N= | (P). match X)
denotes the cardinality of a maximum matching between XK.

(a) TN M1, 0) > max | L0 NPL-IX]]
T T gexCP match(X)

(b) oMM D) = max | LOO= NPL-IX]
T T gexCp match(X) '

2.1. Off-line Lower Bound The lower bound is based on expansion propertids! of
like Plaxton’s lower bound12]. It is similar to that mentioned by Peleg and Upfad].

PrROOF OFTHEOREM 1(a). Consider an arbitrary s&t of processorsy ; X g P.
Initially, X containsl (X) tokens, finally at mostN/p] - | X|. Thus,l (X) — [N/p] - | X|
tokens have to leav. At mostmatch X) tokens can leav&X per time step. Thus, any
solutionto the TD problem requires at least mexc p [(1 (X)—TN/p]-|X])/match(X)]
distribution steps. O

In what follows, we show that this bound is tight for arbitrary networks, if we allow
preprocessing, and if some processors may eventually hold one token more than the
average load. Note that, in this case, the diametévl afoes not influence the off-line
running time in the following sense. Consider a graph consistingsf, the complete
graph of% p nodes, and alinear array of Ienditb where one of the endnodes of the array
is connected to an arbitrary nodelof,,. The diameter of the graph %J +1=0(p).

If we have p tokens only distributed o > with initial maximum loadk = O(log p),

these tokens can be distributed i, in O(log p) steps so that finally each processor
has exactly two tokens, i.e., one token more than the average load. However, if it is
required that each processor holds exactly one token, each algorithm need<cat past
steps for the given problem.

2.2. An Almost Optimal Off-line Algorithm

PrOOF OFTHEOREM 1(b). To prove the theorem, we use a novel approach. We trans-
form the TD problem orM = (P, E) with initial load | and desired final maximum
loadm into a maximum flow problem on a directed flow gragh(M, I, t, m) (or G¢

for short). The parametérstands for the running time we allow to solve the TD prob-
lem. For the terminology of network flow methods, see, eld]. [An example for the
transformation of the linear arrayl (3, 1) of length 3 with initial loadl, | (P,) = 4,

[(P2) = 3,1(P3) =5, into the flow graptG¢ (M (3, 1), 1, 2, 4) is given in Figurel.

__G¢ coAnsist~s of main level%, ..., V; and, associated with them, helping levels
Vo, ..., Vi_1, V1, ..., ;. Each level consists of copies of all processorMofThe flow

from the sourcey to a vertex inV; represents the load of the corresponding processor
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M@3,1) G(M(3,1),4,2,4)

@

% Vo Vi | Vi V2 14

Fig. 1. Transformation of M (3, 1), |) into the flow-graptGs (M(3, 1), 1, 2, 4). The four marked nodes form
a cutC with cap(C) = 13.

of M afteri distribution steps of a possible TD algorithm. In particular, a path between
two main levelsv; andV;; models a single distribution step.

To establish the initial distribution of tokens, we have edges from the squrcthe
vertices inVy, where the capacities are chosen with respect to the initiallloas the
vertices inV; represent the token distribution at the end of a possible TD algorithm, these
vertices are connected to the siiiia edges with capacitm. R

To model the constraints of a single distribution step, we use two helping Myvels
andV, 1 between eacWV, andVi,1,i € {0,...,t — 1}. The reason is that we have to
take care of the following mode of communication among processors as described in the
Introduction:

1. Each processor can send at most one token per time step (ensured by the edges with
capacity 1 betweek;, andV,).

2. Each processor can receive at most one token per time step (ensured by the edges
with capacity 1 betweel;; andV, ).

3. Each processor holds the tokens not transmitted (ensured by the edges with infinite
capacity betweel; andV, ).

See Figurel for the details of realizing 1-3. Finally, the helping levels are connected
with respect to the links dl by edges with capacityo.

As all capacities are integers, the Integrality Theorem ($B gnsures that there is
a maximum flow such that all flows along all edges are integers. Therefore, if there is
a maximum flow with valueN in G¢, the N tokens can be redistributed amolbin t
steps, so that eventually the maximum number of tokens in any processor is ahmost
Of course, we wanh = [N/p] (average load) anidas small as possible. The following
lemma implies Theoreri(b).

LEMMA 1. The value of a maximum flow onG= Gs (M, |, T, [N/p] + 1) is N, if

o e Pm— FN/DHXW‘

PCXSP match(X)
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PrROOFE We use the well-known Maxflow—Mincut Theorem (sé&é]). Let Vs be the
vertices andt the capacities ilG;. Let C C V; be an arbitraryq, s)-cut in G¢, i.e.,
g € C ands ¢ C (see Figurel). Let out(C) denote the set of edges from nodes in
C to nodes inVs \ C, andcap(C) = } ..oy, C(€) the capacity ofC. We show that
caplC) > N.

Foru € P, letu; € V; denote the copy diiin V;. LetC; = C NV,

orig(Ci) = {u e V|u; € Ci}.

If Co =@, or C; = 4, orout(C) contains an edge with infinite capacicgp(C) > N
is obviously true.

Now assume thdt, # @, C; # V;, andout(C) contains none of the edges with infinite
capacity. As a consequence, we h&ye; D {Uj11|u; € Ci}. If Ci11 = {ujs1|u; € Ci},
the subgraph induced b, Vi1, and the corresponding helping levels contributes at
leastmatchorig(C;)) to cap(C), because a maximum matching betweeig(C;) and
orig(Vi \ Ci) corresponds directly to a system of vertex-disjoint paths betweamd
Vi 11, each path leavin@. That means for each edde, v} of the maximum matching
betweenorig(C;) andorig(V; \ Ci), ui € C; andvj1 ¢ Ci;1. Thus, there is a cut of
at least 1 on the path betweenanduvj,;. If Cj; ;3,: {uis1]ui € Cj}, each vertex in
Ci11\ {uis1lu; € Ci} decreases the capacityatchorig(C;)) by at most 1 because the
paths to them do not lea¥@. Thus, the contribution of the edges betwé&grandV; 1
tocap(C) is at leasmatchorig(C;i)) — (|Ci.1| — |Ci|) foralli < T. Using this fact and
that

_ 1 (orig(Ci)) — [N/p] - |G|

T> , for alli,
matchorig(C;))
we have the following estimation faap(C):
T-1
capC) = Y W+, <matclr(0rig(Ci)) — (ICijal — ICi |))
ueorig(Vo\Co) i=0
(] e
p
N T-1
= 1(0rig(Vo\Co)) + ICol + {ﬂ -ICrl+ ) _ matchorig(Ci))
i=0
N
> 1 (orig(Mo\Cyp)) + |Col| + [B—‘ -1Cr1+ T - matchorig(C;))
. _ N
> 1 (orig(Vo \ Co)) + I (orig(Cj)) +[Co| + [——‘ ~(ICr [ = 1CjD)
p N ——’
>N >0
Z N’

where] is such thatnatchorig(C;)) = min{matchorig(C;))|0 <i < T — 1}.
Thus,C = {q} is a minimum cut withcap(C) = N. O
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gl
—O—C—+0
T
N Z|
1 #)ﬂ‘l)é) C:>| Ko
fooes,
i —O—C ——'“—Q_! \ .

Fig. 2. 0-exact TD requires more thansteps.

OBSERVATION 1. There is an infinite family of TD problengM, |) with the following
properties

N = p,
k= max | LOZINPLIXEY g g
pCXSP match X)

and
T M 1,00 >T+2 VT -1-4

Proor Consider the networlyl shown in Figure2 and the given initial loadK
denotes the complete network consisting%qn‘ processors. For this TD problem, we

have
T max P<X>—rN/m~|X|1 _ipt1

BCXSP match(X)

(see the marked region). Because of the diameter of the marked region, a};teast
1+2. % p — 4 distribution steps are necessatry. O

3. The Adaptive Complexity of Token Distribution on Meshes.

THEOREM 2 (Weakly Adaptive Complexity of TD on Meshes).

(@) Fork > 2- (N/n%), Ta.q(M(n, d); N, k, 0) = Q((1/d) - ¥/N - kd-1).
(b) Tag(M(n,d); N,k,0) = O(2¢ - /N -kd-142¢. ).
Fork > 2. (N/n9), Taq(M(n, d); N, k, 0) = O(d - /N - kd-1 4 d?. n).

3.1. Lower Bound

PROOF OFTHEOREM 2(a). We construct a poor input for tlledimensionaln-sided
meshM(n, d) as follows: Concentrate all tokens in a corner regiorvifn, d) that
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173 /

i @

S —
n n

Fig. 3. All tokens are located at a corner of the mesh.

is isomorphic toM ((N/k)¥d, d). (The situations fod = 2 andd = 3 are shown in
Figure3). This corner region has- (N/k)@~2/d outgoing links. Arguing as in the proof
of Theoreml(a), any solution to the problem described above requires at least

N — (N/m%) - (NK) (1 N )EW

d - (N/k)@-Drd nd.k) d
11 4
> .2 .4/N- ki1
-2 d
=Q <% YN kd—l)
distribution steps, ik > 2. (N/n%). O

Note that the conditiok > 2 - (N/n%) is true for each TD problem ol (n, d) with
total loadN = nd.

3.2. Adaptive Algorithm

PROOF OFTHEOREM2(b). W first present a TD algorithm requiri@y29- (v/N - kd—1
+ n)) steps. Note that this is optimal whenis constant. Concluding this section, we
present an algorithm that is faster for the case ktwat2 - (N/n9).

Let M1, My, ..., M, be a partition oM (n, d) into n copies ofM(n, d — 1), and let
A1, ..., Ap-1 be a partition intan®~ linear arrays of length where each vertex of an
array belongs to a differel, . The partition ofM (n, d) into My, Mo, ..., M, and one
As is shown in Figurel.

The following algorithm, started oW (n, d), generates a distribution with discrep-
ancy 1. Note that such a distribution is 0-exact.
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7 e o
As
B o T |
- - - .
M, M, My M,

Fig. 4. Partition ofM(n, d).

TD algorithm

if d = 1then

1. Distribute the tokens with discrepancy 1.

if d > 1then

2. IneachV,, color min{a,, ~/N9-1 .k} arbitrary tokens of the, tokens
in M; black, and all remaining tokens white.

3. Recursively distribute the black tokens in ed¢hwith discrepancy 1.

4. Letk, be such that each processomih containsk, or k; + 1 black
tokens. Seledt, of the black tokens in each processomf.

5. Distribute the selected black tokens in e#ghwith discrepancy 1.

CommentNote that the current distribution of the black tokens has overall
discrepancy 2.

6. Distribute the white tokens in eadk with discrepancy 1.

7. Lethg be such that each processorAg containshs or hg + 1 white
tokens. Seledbs of the white tokens in each processor/Ayf

8. Recursively distribute the selected white tokens in ddchvith dis-
crepancy 1.

CommentNote that the current distribution of the white tokens has over-
all discrepancy 2. Thus, the current distribution of all tokens has discrep-
ancy 4.

9. Distribute the tokens iM (n, d), so that the discrepancy decreases
to 1.

LEMMA 2. The above algorithm solves each TD problem otnMl) with maximum
load k in O(2¢ - (/N - kd-1 + n)) steps with discrepancy.

PrOOF (d = 1) Obviously, Step 1 can be executed in ti@¢N + n) (see []).

(d > 1) The method of the algorithm is to split up the tokens into two sets and to
balance one set at first in eabh and then across eaéi and the other set at first across
eachAs and then in eaclV; .

In Step 2 we choose at mo&fN9-1 . k black tokens and the rest of tokens are white,
because this splitting guarantees that the time complexity for distributing the tokens in
the(d — 1)-dimensional mesiM; (Steps 3 and 8) is not too large. This splitting for the
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cased = 2 andN = n? is used by Makedon and Symvong&] for many-to-one routing
similarly.

To execute Step 2, the tokens in eddhare counted first. Then each processor knows
how many of its at mosk tokens it has to color black. In order to count the tokens, a
prefix computation and a broadcast have to be doneadianensionah-sided mesh.

Both of these computations can be realize®@iq - n) steps by running phases in each
phase communicating on linear arraysnoprocessors. For these procedures, Sge [
Thus, Step 2 require®(d - n+k) = O(d - n+ VN - kd-1) steps.

In Step 3 at mos&/Nd-1 . k black tokens in eacM, will be balanced with discrep-
ancy 1. By inductive assumption, balancidgNd-1 - k black tokens in Step 3 needs
0(29-1. (/N - k9-1 4 n)) steps.

In order to do Step 4, the vallighas to be known by each processolt Obviously,
this can be done i@ (d - n) steps by a prefix computation and a broadcast.

Since the numbers of selected black tokens are the same infgaaid there are
exactly N tokens in the mesh, there are at mbghd—! < VN - kd-1 selected black
tokens in evens. Thus, balancing in Step 5 requir€g +/N - k-1 4 n) time steps.

Since in eachM, up to ¥/N9-1.k tokens are black, and since there are exactly
N tokens in the mesh, there are less théh/Nd-1.k = (N/k)d submeshed,
containing white tokens. Thus, the total number of white tokens in égdk at most
(N/K)Y4 . k = ¥/N - kd—1. Thus, Step 6 require®(+/'N - kd—1 + n) steps.

Step 7 can be done in the same way as Step 4. Since the number of selected white
tokens are the same in eabh, there are at modil/n < ¥/ N9-1.k selected white
tokens in eactM, , after Step 7. Thus, Step 8 requi®$29-1 . (/N - ki1 + n)) steps.

In subsection 3.4.3 of], a monotone routing algorithm ahdimensional hypercubes
requiring O(d) steps is described. It can easily be generalized for meshes, needing
O(d - n) steps orM(n, d). In Step 9 we redistribute the tokens in at most three phases,
each phase reducing discrepancy by at least 1, performing monotone routing. Thus,
Step 9 require©(d - n) steps.

Altogether, the TD algorithm require®(2? - (V/N - k3-1 + n)) steps. O

For completeness, we present an adaptive TD algorithm achieving a better perfor-
mance for alarge maximum load, i.ke.z 2-(N/n%). It requiresO(d- VYN - kd-14+d2.n)
steps. Note that the conditidn> 2 - (N/n%) is always true for TD problems with total
load N = n9.

Faster TD algorithm

if d =1then

1. Distribute the tokens with discrepancy 1.

if d > 1then

2. IneachM, color min(a,, ((v/2—1)//2) ¥/ N3d-1 .k} arbitrary tokens
of thea, tokens inM; black, and the remaining tokens white.

3. Distribute the white tokens in eadk with discrepancy 1.

4. Letks be such that each processorAg containsks or ks + 1 white
tokens. Seledts of the white tokens in each processor/Af
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5. Recursively distribute the black tokens together with the selected
white tokens in eacM, with discrepancy 1.

6. Leth, be such that each processoil contains exactly,, hy + 1,
or h, + 2 tokens. Seledt, of the tokens in each processoridf.

7. Distribute the selected tokens in eathwith discrepancy 1.

CommentNote, the current distribution has discrepancy at most 3.

8. Distribute the tokens iM (n, d), so that the discrepancy is reduced
to 1.

The splitting into black and white tokens in Step 2 and the condkien2 - (N/n9)
guarantee that the time complexity for distributing the tokens in Step 5 is not too large.
By methods similar to those used in the proof of Leniinthe correctness and the time
complexity of the above algorithm can be proved. Thus, Theorem 2(b) is proved.

4. The Strongly Adaptive Complexity of Token Distribution on Meshes

THEOREM 3 (Strongly Adaptive Complexity of TD on Meshes)T (M(n,d);1,1) =
O((d - 29 + d3 - logk) - T°"(M(n, d), !, 0)). Fork > 2. (N/n%), T(M(n, d);1,1) =
O((d® - logk) - T°f(M(n, d), 1, 0)) for each individual load | with maximum load k

PROOFE In Section3.2it is shown that the (adaptive) complexity of the TD problem on
M(n, d) is O(2¢ - (¥/N -kd-1 + n)), and for the cas& > 2 - (N/n%) the complexity
can be improved t@®(d? - (VN - kd-1 4+ n)). Let T := T°f(M(n, d), |, 0) be the off-
line complexity of the TD problem o (n, d). Now we present a strongly adaptive
algorithm solving the problem 1-exactly @((d - 2¢ 4 d® - logk) - T) steps and in
O(d® - logk - T) steps, ifk > 2 - N/n9, respectively. For that purpose, we partition
M (n, d) into submesheS(2d T, d) that are isomorphic tM (2d T, d). For example, we
have illustrated such partitionings fdr= 2 andd = 3, respectively, in Figuré.

The following lemma is the key observation for our method. It shows that if we
solve the TD problem locally in eac&(2d T, d), then the wholeM (n, d) is balanced
1l-exactly.

5(24T2)

)
1

Fig. 5. Partitioning into submeshes.
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LEMMA 3. Let S be an arbitrary submesh isomorphic tgrvl d) in M(n, d). Let L be
the load of an arbitrary processor in S after balancingT®en||[N/n?| — 2dT/m| <
L < [IN/n%] 4+ 2d T/m].

PrROOF Let P be the total number of tokens initially located in an arbitrary submesh
S of M(n,d). T is the real off-line complexity for solving the TD problem dvi

with initial load | 0-exactly. Thus, an optimal off-line algorithm balances during its
execution onM (n, d) eachSin T off-line steps. At most @ - m?-1 tokens can leave

S per time step, and at mogN/n?] - m? tokens may be ir§ after T time steps. Thus,
P—2dT -m?1 < [N/n%] - md. Analogously, at most®- mi—1 tokens can ente®

per time step, and at leagN/n? | - m® tokens must be ir§ after T time steps. Thus,
P+2dT - md1 > |[N/n9| - md. After balancing eacls, eitherL = [P/m%] or

L = [P/m?]. The estimation fot is concluded directly. O

By Lemmas3, to solve the TD problem oM (n, d) 1-exactly, it is sufficient to solve
the problem locally in eacB(2d T, d). Here, the weakly adaptive algorithm described
in Section3.2could be used locally. However, this direct application results in a running
time that becomes quite large. Therefore, we use a more complicated procedure to solve
the TD onM(n, d) 1-exactly, which is described in the following algorithm.

Algorithm Local-TD (T)

1. Foreacls(2dT, d): Determine the local maximum lodgd and broad-
cast this value to all processors$@2d T, d).

2. Consider a partition of eachS(2dT,d) into submeshes
S(2-(2dT/ks), d). Balance the tokens in eac®2 - (2dT/ks), d)
with discrepancy 1 by using one of the weakly adaptive algorithms
described in Sectiof.2

3. for| :=1tologks — 1do

Combine 2 neighboring balance®(2' - (2dT/ks), d) to one
S(2+1 . (2dT/ks), d) and reduce the discrepancy between all
S(2' - (2dT/ks), d) of eachS(2'*1 . (2d T/ks), d) in the following
way:
(@) for p:=0tod—1do
Determine the discrepancy between the t@62' -
(2dT/ks), d) neighbored in dimensiop, and reduce the
discrepancy between these two submeshes to at most 2.
Comment After (a) is executed, the discrepancy in each
S(2+1. (2dT/ks), d) is at mostd + 1.

(b) for p:=ddownto1do
Distribute the tokens in eack2+1 - (2d T/ks), d), so that
the discrepancy is decreased to at muast

LEMMA 4. Local-TD (T) solves the TD problem on (¥, d) 1-exactly in Q((d - 29 +
d®-logk) - T) steps and in @d® - logk - T) stepsif k > 2- (N/n%), respectively



426 F. Meyer auf der Heide, B. Oesterdiekhoff, and R. Wanka

PROOF To execute Phasl a prefix computation and a broadcast have to be performed
on ad-dimensional @T-sided mesh. Both of these computations can be realized in
O(d? - T) steps by runningl phases in each phase operating on linear arrays of length
2dT. Since in eacl5(2 - (2dT/ks), d) the maximum load is at mogt, and since the

total number of tokens is at mast- (2- (2d T/ks))9, the (adaptive) algorithm in Phase 2
requiresO(d - 29 T) steps andD(d®- T) steps, itk > 2- (N/n%), respectively. Because

of Lemma3, we know that when padsof the loop in Phase 3 is executed, the load

of an arbitrary processor in ea@2'* - (2dT/ks), d) is at least| [N/n9| — kg/2'+1]

and at mos{[N/n%] + ks/2+17. Hence, the discrepancy at the beginning of paiss
O(ks/2"). Determining the discrepancy in Phase 3(a) can be do¥d? - T) steps in

the same way as in Phase 1. Balancing in Phase 3(a) can be done by moving one token of
each processor iB(2 - (2dT/ks), d) to the corresponding processor in the neighbored
S(2' - (2dT/ks), d). Since the discrepancy is at ma3tks/2'), balancing in Phase 3(a)
needsO(d - T) steps. Thus, Phase 3(a) requi@&d® - T) steps. The distribution of
tokens in Phase 3(b) in order to decrease the discrepancy can be implemented in the
same way as in the algorithms in Sectibf. Hence, Phase 3(b) nee@sd? - T) steps.

Thus, Phase 3 requiré(d® - logk - T) steps. O

In the above algorithm we have assumed that the valu&€ & known by each
processor in advance. In order to avoid this, we extend our network model by a global
bus capable of storing one bit. Each processor is able to write on and to read from this
bus in one time step. If the processors write different values, then the bus receives the
logical AND of these values. Although the modified model does not rigorously fit into
the fixed-connection network model, it is simple to realize in practice. The following
algorithm solves the TD problem dvi (n, d) 1-exactly inO((d - 2¢ 4+ d2 - logk) - T)
and inO(d® - logk - T) steps, ik > 2- (N/n9), respectively, without knowing the value
of T in advance by using the modified network model.

Algorithm TD

t:=1.

Do

o t:=2-1.

e Local-TD (t).

e Each processdp with load L p writes the following bit on the bus:

. N N

0 otherwise.
until bus= 1.

Note that each processor has to know the total nurhbef tokens.
LEMMA 5. Algorithm TD solves the token distribution problem on (Md)

1-exactly in Q((d - 29 + d3 - logk) - T) steps and in @d° - logk - T), ifk > 2. N/n¢,
respectively
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PrOOF In TD the algorithmLocal-TD is started fott = 2,t = 22, ..., t = 2/109T1,
Thus, TD requiresy*?T'O((d - 2¢ + d® - logk) - 2) = O((d - 24 + d3 - logk) - T)
time steps andy.[°?"1O(d? - logk - 2) = O(d® - logk - T) time steps, respec-
tively. O

This concludes the proof of Theorem 3. Note that wiifd - n - log T) extra time,

the additional global bus may be eliminated. O
References
[1] W. Aiello, B. Awerbuch, B. Maggs, and S. Rao. Approximate load balancing on dynamic asynchronous
networks.Proceedings of the5th ACM STOC1993, pp. 632—641.
[2] J.Aspnes, M. Herlihy, and N. Shavit. Counting networks and multi-processor coordirfztimeedings
of the23rd ACM STOC 1991, pp. 348-350.
[3] A.Z. Broder, A. M. Frieze, E. Shamir, and E. Upfal. Near-perfect token distribuBooceedings of
the1%th ICALP, 1992, pp. 308-317.
[4] K. T. Herley. A note on the token distribution problemform. ProcessLett, 38:329-334, 1991.
[5] J.XAH and K. W. Ryu. Load balancing and routing on the hypercube and related netwdragallel
Distrib. Comput, 14:431-435, 1992.
[6] M. Klugerman and C. G. Plaxton. Small-depth counting netwdpPksceedings of th24th ACM STOC
1992, pp. 417-428.
[7]1 F. T. Leighton.Introduction to Parallel Algorithms and Architectureérrays Trees Hypercubes
Morgan Kaufmann, San Mateo, CA, 1992.
[8] F. Makedon and A. Symvonis. Optimal algorithms for the many-to-one routing problem on two-
dimensional mesheMlicroprocessors and Microsystemis’:361-367, 1993.
[9] F. Meyer auf der Heide, B. Oesterdiekhoff, and R. Wanka. Strongly adaptive token distrikRiten.
ceedings of th@0th ICALP, 1993, pp. 398-409.
[10] D. Peleg and E. Upfal. The generalized packet routing problémoret Comput Sci, 53:281-293,
1987.
[11] D. Peleg and E. Upfal. The token distribution proble&dhAM J Comput, 18:229-243, 1989.
[12] C. G. Plaxton. Load balancing, selection and sorting on the hyperculi®oteedings of the ACM
SPAA 1989, pp. 64-73.
[13] K. Qiuand S. G. Akl. Load balancing, selection, and sorting on the star and pancake interconnection
networks.J. Par. Alg. Appl., 2:27-42, 1994.
[14] J.F. Sibeyn and M. Kaufmann. DeterministikZouting on meshe$roceedings of thé1th STACS
1994, pp. 237-248.
[15] R.E. TarjanData Structures and Network Algorithn®ociety for Industrial and Applied Mathematics,
Philadelphia, PA, 1983.
[16] R. Werchner. Balancieren und Selection auf Expandern und auf dem HypekwDiplomarbeit,

J. W. Goethe-Universit; Frankfurt, Jan. 1991 (in German).



