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ABSTRACT
Page migration is one of the fundamental subproblems in
the framework of data management in networks. It occurs
in a distributed network of processors sharing one indivis-
ible memory page of size D, which is stored in one of the
processors. During runtime, processors access unit size data
items from the page, and the system is allowed to move the
page from one processor to another in order to minimize the
total communication cost.

This problem was considered in the online setting numer-
ous times by many researchers, and some online algorithms
were proven to achieve a cost within a constant factor of the
optimal offline solution. However, all results were achieved
under the assumption that the communication costs between
processors were fixed during the execution of the whole pro-
cess.

In this paper we consider a model in which the commu-
nication costs can change in each time step, but the pace
of the changes is restricted. This is typical in mobile net-
works, and also models the dynamics of networks that are
not exclusively dedicated to the page migration.

If both changes of the network and the request sequence
are given by some adversarial entity, we prove a tight bound
on the competitive ratio of the problem. However, the size
of this ratio motivates us to assume that the changes of
communication costs are modeled by some stochastic pro-
cess, and an adversary dictates only which processor issues
a request. To analyze such a hybrid case, we introduce the
notion of expected competitive ratio and prove that, for the
case where constant number of processors perform a ran-
dom walk on a torus or on a mesh of diameter

√
D, it is

O(log2D).
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1. INTRODUCTION
Data Management problems arise in a distributed net-

work of processors which share some global memory. Copies
of shared variables are stored in some of these processors.
In this context a variable can be a single program variable,
a system database, a conventional file, a memory page, etc.
When a processor wants to access (read or write) a single
data item of the file, it has to send a request to the proces-
sor holding a copy and appropriate data is sent back to it.
The cost incurred by such an operation is a function of the
distance between these two processors. Copies of the vari-
able can be replicated and deleted to reduce communication
costs. Such transactions incur a cost which is equal to the
cost of sending one data item times the size of the variable.
In any case we have to preserve the consistency between
the copies. The algorithm for the data management decides
where and when the copies should be moved or replicated
to, or deleted.

The file allocation problem considered in the online setting
by Bartal et al in [4] and Awerbuch et al in [1] is a funda-
mental case of data management, where we have a single
file (and its copies) in the system. One basic subproblem
of the file allocation is page migration introduced by Black
and Sleator in [7], where only one copy of the file can be
kept in the network. While considering this problem, we do
not have to be concerned about inconsistencies between the
copies, and, as proven in [1, Thm 4.2], the solution to the
page migration problem applies to the file allocation prob-
lem, where only write requests are allowed.



In this paper we extend the page migration problem by
allowing nodes to move. This is typical in mobile networks,
and also models the dynamics of networks that are not ex-
clusively dedicated to the page migration. We assume that
processors are nodes with some position in a metric space
(X , d). This induces a complete graph of all nodes, with the
distances given by the metric d. In the original problem, to
which we will refer as static page migration, the positions of
the points are fixed and the cost of sending one data item
between two nodes is equal to the distance between these
two nodes. In each round, exactly one processor issues a
request for accessing a data item from the page. We allow
movement of the nodes. However, we restrict the speed of
the network changes, namely in each round the new position
of a node is chosen within the ball of a constant diameter
centered around its current position. We define the cost of
accessing a data item as the distance between the requesting
node and the node holding the page plus a constant over-
head for communication. Moving the page has a cost equal
to the distance between the old and the new place times the
size of the page plus a constant overhead for communication.

1.1 Our model
We define the dynamic page migration problem as follows.

The network is modeled as a set V of n nodes (processors)
numbered from 0 to n− 1 in some metric space (X , d). The
distances between the nodes are given by the metric d, how-
ever, we extend the notion of the distance between two nodes
in the following way. If vi and vj are the same node, then
we denote it by vi ≡ vj and we denote the distance between
them by 0E . Note, that this is different from the case where
they just occupy the same point in the space, in which case
we write vi = vj and d(vi, vj) = 0. The positions of all
nodes in a time step t describe the configuration at time t.

The cost of sending a data item from node vx to node vy

is defined by a cost function c(·). c(vx, vy) = 0 if vx ≡ vy.
Otherwise c(vx, vy) = d(vx, vy) + 1. We have one shared,
indivisible memory page of size D, initially stored at the
node v0 ∈ V . The cost of moving the whole page from vx

to vy is equal to D · c(vx, vy).
We assume discrete time steps t = 0, 1, .... An input con-

sists of a request sequence (σt) and a configuration sequence
(Ct). σt denotes the node that issues a request at time t, and
Ct is the configuration at time t. We will call C0 the initial
configuration. We impose restrictions on how much two con-
secutive configurations can differ. For any node vx, its posi-
tions xt and xt+1 in two consecutive configurations Ct, Ct+1

cannot be too far apart, we demand that d(xj, xj+1) ≤ 1.
In time step t ≥ 0, the following happens

1. The positions of the nodes for this time step are defined
by Ct.

2. Node σt issues a request.

The node holding the page at the beginning of time step
t is denoted by PALG(t). In each time step, the algo-
rithm for dynamic page migration has to serve the request
paying the cost c(PALG(t), σt). Then it can optionally
move the page to a new position P′

ALG(t) paying the cost
D · c(PALG(t),P′

ALG(t)). Sometimes, we will abuse notation
by writing that an algorithm is at vi or jumps to vj , mean-
ing that this algorithm has its page at vi or moves its page
to vj .

The optimal cost of the offline version of this problem
(where the algorithm is allowed to read the whole input at
once) can be computed in the time polynomial in n and
T , where T is the number of time steps. In fact, a simple
algorithm based on dynamic programming has the running
time of O(n2 · T ).

In this paper we will focus on the online version of the
problem, i.e. the algorithm has to base its decision what
to do in step t solely on the initial parts of the two input
sequences up to step t.

The input for the online problem is generated by two ad-
versaries. The configuration adversary creates a configura-
tion sequence (Ct), deciding, for each time step t and for
each node, to which position (within distance one) it moves.
The request adversary creates a request sequence (σt) spec-
ifying, for each time step t, the node which issues a request.
To make the description of the online problem complete, we
have to specify the capabilities of the adversaries, how and
when they can generate their sequences, and if they are al-
lowed to cooperate and combine their efforts. The strongest
type of adversary considered is adaptive-online, i.e. the one
which can choose the elements of the sequence during the
run of the algorithm, depending on the algorithm’s past be-
havior. The adaptive-online adversary has to provide an
answering part which gives answers online to the requests
generated by the adversary. A weaker adversary is an obliv-
ious one, which has to generate its whole input sequence in
advance. We will also consider scenarios where we replace
one of the adversaries by a stochastic process, which gener-
ates a sequence according to some probability distribution.
We will refer to the last one as randomized adversary. In
this paper we consider three scenarios

1. Adaptive cooperative. Both configuration and re-
quest adversaries are adaptive-online and they cooper-
ate.

2. Oblivious cooperative. Both configuration and re-
quest adversaries are oblivious and they cooperate.

3. Hybrid non-cooperative. The configuration adver-
sary is randomized, the request adversary is oblivious
and they do not cooperate, i.e. the request adversary
chooses its sequence before the configuration sequence
is generated.

The motivation for the third scenario is the insight that it
seems reasonable to assume that the network itself does not
play against our algorithm (by changing distances between
nodes).

1.2 Performance measures
In order to analyze the performance in the two first sce-

narios we use the classical competitive analysis [14, 8]. In
case of oblivious adversaries the competitive ratio is defined
as the maximum over all allowed combinations of request
and configuration sequences, of the ratio of the online algo-
rithm’s cost to the optimal offline cost. In case of adaptive-
online adversaries we consider the ratio of the cost of the
online algorithm to the cost of the answering part of the
adversary. We denote them by the cost of the algorithm
and the cost of the adversary, respectively. It is straightfor-
ward (see e.g. [6]) that the adaptive, cooperative adversary
is more powerful than the oblivious, cooperative one.



For the hybrid non-cooperative scenario we introduce a
notion of expected competitive ratio. Let CALG(σt, Ct) and
COPT(σt, Ct) denote the costs of a deterministic online algo-
rithm ALG and the optimal offline algorithm, respectively,
both computed on input sequence (σt, Ct). We define the ex-
pected competitive ratio as the maximum over all sequences
(σt) generated by the request adversary, of the expected
value of CALG(σt, Ct)-to-COPT(σt, Ct)-ratio. The expecta-
tion is taken over all possible random choices of the random-
ized configuration adversary. We extend this notion slightly
and allow a constant additive term in the cost of the online
algorithm. Formally, we say that ALG achieves the expected
competitive ratio RALG, if there exists a constant c ≥ 0 such
that, for all choices of (σt), the following holds.

E(Ct)

»
CALG(σt, Ct) − c

COPT(σt, Ct)

–

≤ RALG

We note that this notion is much stronger than the ratio of
the expected cost of the algorithm to the expected cost of
the adversary.

1.3 Contribution of this paper
In this paper we describe algorithms for dynamic page

migration and analyze them with respect to the three sce-
narios defined above. In Section 2 we present an algorithm
for the adaptive cooperative scenario. Its competitive ratio is
O(min{n ·

√
D, D, λ}), where n is the number of nodes, D is

the size of the page and λ is the maximum distance between
any pair of nodes in the whole history of requests. We fur-
ther prove a matching lower bound in this model, showing
that our algorithm is asymptotically optimal.

In Section 3 we consider the oblivious cooperative scenario.
It is clear that the above upper bound also holds here. We
prove a lower bound of Ω(min{

√
D, λ}) for the competitive

ratio in this scenario.
For the hybrid non-cooperative scenario, considered in Sec-

tion 4, we can prove that, for a constant number of nodes, if
each node performs a random walk on a d-dimensional torus
of diameter

√
D, then there exists an algorithm achieving

expected competitive ratio of O(d · log2 D). We extend this

result to a d-dimensional mesh of diameter Θ(
√

D), which
models mobile nodes moving on a bounded territory.

This work is one of few papers which combine the com-
petitive analysis of an online problem with the average case
analysis for the stochastic process. The problem considered
is one of few natural problems which use two distinct and
independent resources (in our case network distances and
nodes issuing requests), so that the input can be divided
into two parts in a natural manner. We believe that the
expected competitive ratio constitutes a reasonable perfor-
mance criterion for an online algorithm and can be applied
also to other problems where some part of the input is given
by an adversary and some is generated stochastically.

1.4 Related work
Bartal, Fiat and Rabani [4] and Awerbuch, Bartal and

Fiat [1] gave tight bounds for the file allocation problem.
Particularly, they proved that the competitive ratio of this
problem is Θ(log n), both for randomized and deterministic
algorithms.

Westbrook [15] gave first O(1)-competitive algorithms for
the randomized page migration problem, both against obliv-
ious and adaptive adversaries. This result was improved

for some network topologies like trees or uniform graphs
by Chrobak et al [9]. The first constant competitive deter-
ministic algorithm was given by Awerbuch et al in [1] and
the competitive ratio was subsequently improved by Bar-
tal, Charikar and Indyk [3]. To the best of our knowledge
no page migration related problem was considered before in
non-static networks.

Scharbrodt, Schickinger and Steger [13] also consider ex-
pected competitive ratio, however, they do it in relation to a
scheduling problem, where the whole input sequence is gen-
erated randomly. More similar to our approach is a paper
by Becchetti et al [5], where the input sequence is generated
by an adversary, but then a random distortion is added to
this sequence.

2. ADAPTIVE COOPERATIVE
In this section we present an online algorithm for the adap-

tive cooperative scenario and prove that its competitive ratio
is asymptotically optimal.

2.1 Upper bound
In this section we will prove that the competitive ratio

of the dynamic page migration problem against adaptive-
online cooperating adversaries is O(min{n ·

√
D, D, λ}),

where λ is the maximal allowed distance in the graph. We
begin with the algorithm which achieves a competitive ratio
of O(n ·

√
D).

All known competitive randomized algorithms for static
page migration (an excellent overview of file allocation re-
lated problems can be found in Bartal survey [2]) were based
on the idea of moving the page with a certain probability
towards the node which issued the request. We could de-
velop this idea as follows. If the algorithm keeps a page in a
node PALG, different from node PR issuing the request, then
the algorithm moves the page towards PR with a probability
which depends only on the distance between PALG and PR.
However, it appears to be not sufficient, i.e. no algorithm
which considers moving its page only to the node issuing
the request can be better than Ω(min{D, λ}) competitive.
The proof of this fact is partially covered in the proof of
the Theorem 6 and we omit it here. One of the remedies to
that, is to move the page to a node chosen randomly from
the nodes contained in a surroundings of PR. These intu-
itions are formalized in the algorithm ALGDIST depicted in
Figure 1.

The algorithm ALGDIST works as follows. After serving a
request, it chooses randomly a new node PALG

′ for moving
its page. Let X be the distance between PALG and PR.
First, the algorithm computes the probability B(X), that
the page will be moved at all. With the probability B(X) it
proceeds, and picks (uniformly at random) PALG

′ as a node
contained in a ball of diameter 1

4
· X centered at the node

PR, and then jumps to PALG
′. We will call B(x) a jump

function. It is straightforward that B(x) is continuous and

bounded by b · 1
D

≤ B(x) ≤ b · 1
D
·
√

D, where b is a constant
which will be specified later. It is possible to prove that
ALGDIST is competitive.

Theorem 1. There exists a constant b such that algo-
rithm ALGDIST achieves a competitive ratio of O(n

√
D) in

the adaptive cooperative variant of the dynamic page migra-
tion problem.



Let B(x) :=

8

><

>:

b · x
D

if 1 < x ≤
√

D

b · 1
x

if
√

D < x ≤ D

b · 1
D

otherwise

Serve the request.
if PALG 6= PR then

Let X := d(PALG, PR)
Let R := {v ∈ V : d(PR, v) ≤ 1

4
· X}

Choose one node PALG
′ from the set R∪ {PALG}

with the following ppb. distribution:

Pick

(

each PRi ∈ R with ppb. B(X)
|R|

PALG with ppb. 1 − B(X)

Move the page to PALG
′.

Figure 1: Algorithm ALGDIST

Proof. In the analysis of algorithm ALGDIST we are
not aiming at minimizing the constants but rather at the
simplicity of the proof. For proving competitiveness of
this algorithm we will use an amortized analysis and a po-
tential function. The potential function is 0 if the algo-
rithm and the adversary keep their pages at the same node
(PALG ≡ POPT), otherwise it depends solely on the dis-
tance between these nodes. For any time step t we will
denote these nodes by PALG(t) and POPT(t), respectively.
Formally, let the potential in the time step t be defined as
Φt = F(d(PALG(t),POPT(t))) and

F(x) =


0 if x = 0E

FB + F ′(x) otherwise

where

FB = f · n · D ·
√

D ,

F ′(x) = f · x ·
√

D · min{x,
√

D} .

and f is some constant which will be fixed later. It is clear
that Φ0 = F(0E) = 0, because the adversary and the algo-
rithm start from the same node, and that for any t, Φt ≥ 0.
Let CALG(t) and COPT(t) be the cost of the algorithm and
the adversary, respectively, in this time step. We prove that
in each round the amortized cost of algorithm ALGDIST is
smaller than the cost of the adversary times O(n ·

√
D). For

clarity, in the following we will omit t indexes in CALG and
COPT. Furthermore, we denote Φt−Φt−1 by ∆Φ. Formally,
we show that for b = 40 and f = 22, for any time step, the
following inequality holds

E[CALG + ∆Φ] = O(n ·
√

D) · COPT . (1)

where the expected value is taken over the random choices of
the algorithm. After summing this inequality over all time
steps we get that the algorithm is O(n ·

√
D) competitive.

To assure that the probability given by the jump func-
tion B(x) is valid, i.e. not greater than 1, we assume that√

D ≥ b. Otherwise, we easily get constant competitiveness
of the problem. We divide each time step into two parts:

1. The algorithm and the adversary serve the request, the
algorithm optionally moves the page

2. The adversary optionally moves the page.

PSfrag replacements

PALG

POPT

PR

X

Y K

X1

Y1

X2

Y2
PR1

PR2

R :

Figure 2: Illustration of algorithm ALGDIST

For each part we prove separately that the Inequality 1
holds. We begin with the first one, i.e. we assume that
the adversary does not move its page. Let PALG and POPT

denote the nodes where the algorithm and the adversary
keep their pages and PR be the node which issues a request.
Let X, Y and K be the distances between PALG and PR,
POPT and PR, and PALG and POPT, respectively. Addition-
ally K0 denotes the distance between PALG and POPT at
the beginning of the time step (before the adversary moves
the nodes).

Let R be defined as in Figure 1, i.e. as the set of all points
whose distance to PR is not larger than X/4. For each point
PRi ∈ R we define Xi and Yi as the distances of these points
to PALG and POPT, respectively, i.e. Xi = d(PRi, PALG) and
Yi = d(PRi, POPT). An example is given in Figure 2. We
also denote |R| by m. Since PALG /∈ R, m ≤ n−1. It follows
from the triangle inequality that Xi ≤ X+X/4 = 5

4
X. Then

we have the following costs:

COPT = c(Y )

E[CALG] = c(X) +
P

PRi
∈R

B(X)
m

· D · c(Xi)

E[∆Φ] = F(K) −F(K0)

+
P

PRi
∈R

B(X)
m

· [F(Yi) −F(K)]

(2)

F(K) −F(K0) is the change in the potential induced when
the adversary changes the cost of the edge connecting PALG

with POPT. The rest of the Φ change is caused by the algo-
rithm moving the page with probability B(X)/m to each of
the points in R.

First, we note that Inequality 1 is trivially fulfilled if
PALG ≡ PR, i.e. the request is at the same node as the
algorithm. In that case the algorithm pays nothing for serv-
ing the request, it does not jump to other nodes, there is
no change in the potential, and thus we have E[CALG] +
E[∆Φ] = 0 ≤ COPT. Therefore, for the remaining part we
assume that PALG ≡/ PR). The two cases, considered in the
lemmas below, are proven in the appendix.

Lemma 2. If PALG ≡ POPT, then it holds E[CALG] +

E[∆Φ] = O(n ·
√

D) · COPT.

Lemma 3. If PALG ≡/ POPT, then it holds E[CALG] +

E[∆Φ] = O(
√

D) · COPT.

Now we prove that the Inequality 1 holds also in the second
part of each time step, in which the adversary optionally
moves the page. In this part CALG = 0 and we have already
taken into account the changes in the potential due to the
changing distance between PALG and POPT. Assume that
the adversary moves its page to a node POPT

′. We reuse



notation from the previous proof, i.e. let K, X and Y denote
the distances between PALG and POPT, PALG and POPT

′

and POPT and POPT
′, respectively. Since the adversary does

not jump to the same node it is already in, Y 6= 0E . Then
COPT = D · c(Y ) = D · (1 + Y ) and ∆Φ = F(X) − F(K).
Obviously CALG = 0 and therefore it is sufficient to prove
that

(∗) := F(X) −F(K) ≤ O(n
√

D) · D · (1 + Y ) .

We assume that X ≥ K, otherwise the inequality above is
trivially fulfilled. We consider three cases.

1. If K = 0E or K = 0, then Y = X and we have

(∗) = F(X) ≤ fnD ·
√

D+fDY ≤ f ·n
√

D ·D ·(1+Y ).

2. If 0 < K ≤
√

D, then from the triangle inequality
follows that X ≤ Y +K ≤ Y +

√
D and using the fact

that F ′(x) ≤ fD · x we have

(∗) ≤ F ′(X) ≤ F ′(Y +
√

D) = fD · (Y +
√

D) .

If Y <
√

D, then (∗) ≤ fD · (Y +
√

D) < 2f
√

D · D.

Otherwise, (∗) ≤ fD · (Y +
√

D) ≤ 2f · D · Y .

3. If K >
√

D, then F(X)−F(K) = fD(X−K) ≤ fDY .

In either case it holds F(X)−F(K) ≤ O(n
√

D) ·D · (1+Y )
which finishes the proof of Theorem 1.

We can also construct an algorithm which achieves com-
petitive ratio of O(D). Let ALGJUMP be an algorithm which
upon receiving a request from the node PR serves this re-
quest and jumps to PR. Then we have the following theo-
rem, which is proven in the appendix.

Theorem 4. ALGJUMP achieves competitive ratio O(D).

For proving the existence of the algorithms achieving a triv-
ial competitive ratio of O(λ) we take any algorithm which
achieves a constant competitive ratio on static networks
(for example the 3-competitive algorithm against adaptive-
online adversaries shown in [15]) and we run it with the
given request sequence on the uniform graph with all costs
of communication between nodes equal to 1. The outcome
of this algorithm, i.e. the decisions where and when to move
the page, we apply directly in the original dynamic graph.
It is straightforward that the competitive ratio of such al-
gorithm is at most 3λ = O(λ). Moreover, from the analysis
of the potential function used in [15] we can conclude that
it is possible to combine these algorithms. Precisely, it is
possible to choose such constants in the potential functions,
so that if we run O(λ)-competitive algorithm till the maxi-

mum distance in the graph exceeds D (or n ·
√

D, whichever
is smaller) and then switch to algorithm ALGDIST (or re-
spectively ALGJUMP) then the change of the potential dur-
ing switching is not greater than 0. Thus, we proved the
following theorem.

Theorem 5. There exists a randomized algorithm for the
page migration problem which, upon knowing the constant
approximation of n, achieves a competitive ratio of O(min{n·√

D, D, λ}).

2.2 Lower bound
We can also prove the matching lower bound for the adap-

tive cooperative scenario of the dynamic page migration
problem.

Theorem 6. For any c-competitive algorithm for the dy-
namic page migration problem playing against cooperat-
ing adaptive-online configuration and sequence adversaries,
c = Ω(min{n ·

√
D, D, λ}).

Proof. We assume that D ≥ 16, otherwise the theorem
trivially holds. We also assume that

√
D is an integer, oth-

erwise we could use b
√

Dc and lose only a constant factor
in the analysis. Furthermore, we assume that n ≥ 3 and
λ ≥

√
D. For the case where n = 2 or λ <

√
D we can use

Theorem 8 and Ω(min{
√

D, λ}) bound for the competitive
ratio against oblivious adversary.

The core of this proof is to show that there exists a class
of adversaries C, such that for any online deterministic al-
gorithm ALG, most of the adversaries from this class incur
a high competitive ratio on ALG. Then we use a standard
argument to show (non-constructively) that for any online
randomized algorithm ALGRAND, there exists an adaptive-
online adversary which incurs a high competitive ratio on
ALGRAND.

The class C is constructed as follows. Let us fix a finite
sequence r of length S, where S is a parameter which will
be fixed later. The sequence consists of S integers from the
interval [0, . . . , n − 1], i.e. r = (r1, r2, . . . , rS) and 0 ≤ ri ≤
n − 1. We define an adaptive-online adversary ADVr as
follows. In the beginning all nodes are in the same point of
X and the page of the adversary as well as the page of the
algorithm is at the node v0. In the first step the adversary
issues a request in v0 and moves to vr0 . Next steps are
divided in phases. Each phase consists of two parts: an
expanding part and a contracting part.

Let PALG and POPT be the vertices at which the algorithm
and the adversary, respectively, have their pages. During the
whole request sequence, the request is issued at v0, unless
PALG ≡ v0, in which case the request is issued at v1.

In each step of the expanding part the adversary increases
the distance between PALG and the rest of the nodes, i.e. in
the i-th step of the expanding part we have d(PALG, vj) =
min{i − 1, λ}, for any vertex vj 6= PALG. The distances
between any other pairs of nodes remain equal to 0.

If PALG ≡/ POPT at the beginning of the phase, then the
expanding part continues till the algorithm decides to move
its page to a new vertex, say from va to vb.

1 Let Xk be the
duration of the expanding part in the k-th phase; then Kk :=
min{Xk − 1, λ} is the distance to which algorithm’s page at
the node va was moved away from the rest of the nodes.
Then a contracting part comes, in which the node va (in
which the algorithm had its page during the expanding part)
is moved closer to the other nodes. Formally, the contracting
part of phase k takes Kk time steps and in the i-th time
step of this part d(va, vj) = Kk − i + 1, for all vj ≡/ va. The
distances between any other pairs of nodes remain equal to

1Note that if the algorithm never jumps, the expanding
part would last forever and after some point the algorithm
would pay at least λ+1 per round, while the adversary cost
would still be 1 per round. This would immediately result
in CALG ≥ Ω(λ) · CADVr .



Figure 3: k-th (long) phase

0. Illustration of such a phase is given in Figure 3, where
distance denotes the distance between va (which is equal to
PALG during the expanding part) and the rest of the nodes.

However, if at the beginning of the phase PALG ≡ POPT

then the expanding part lasts at most
√

D steps. If the
algorithm did not move its page in

√
D steps, then the ad-

versary starts the contracting part by itself. If it happens,
the algorithm can be sure that the adversary has just been
at the same node as the algorithm has and we say that the
algorithm has detected the adversary’s position. In either
case, the contracting part takes the same number of time
steps as the expanding part did. After the contracting part,
if the adversary’s position has been detected, the adversary
moves its page to the next place from the sequence r.

Additionally we call a phase long if its expanding part is
longer than

√
D and short otherwise. The adversary main-

tains a counter of the long phases since it has moved its page
last time and if the number of long phases exceeds bn/2c,
the adversary moves its page to the next place from the
sequence r, immediately after the bn/2c-th long phase.

Moving a page by the adversary at the end of some phases
partitions the sequence of phases into metaphases. Formally,
a metaphase contains all the phases between two consecutive
movements of the adversary’s page. Therefore in metaphase
i the position of the adversary is fixed and equal to ri. The
game between the adversary ADVr and the algorithm ends
after S metaphases, i.e. after a phase after which the ad-
versary would normally move its page to the next position
from the sequence r, but it has already used all elements
of r. Furthermore, since the adversary jumps on the very
beginning of the whole process and does not jump at the
end of it, in the analysis we can assign the cost of moving
its page to its cost in the metaphase which begins right after
this movement.

Note, that for a given r the behaviour of the adversary
ADVr is completely deterministic and depends only on the
behaviour of the algorithm ALG. We will now prove that if
we choose r uniformly at random2, then for any determin-
istic algorithm ALG, the expected cost of the adversary is
smaller by a factor of Ω(min{n ·

√
D, D, λ}) than the cost of

this algorithm.

Lemma 7. Let λ be the maximum allowed distance be-
tween two nodes and S be any positive integer. Then for the
adversarial strategy defined above and for any deterministic
algorithm ALG, holds:

Er[CALG − 1

16
min{λ, D, n

√
D} · CADVr ] ≥ 0 ,

2We can for example choose each element of r sequence uni-
formly at random from the set {0, . . . , n − 1}

where the expected value is taken over all possible choices of
the sequence r of length S.

Proof. Fix any deterministic algorithm ALG. We con-
sider i-th metaphase. Note, that the algorithm’s behaviour
can depend only on the past events (such as detecting the
adversary’s position in previous metaphases). In particular,
till the last phase, it does not depend on the adversary’s
position ri in this metaphase.

First, assume that the algorithm never detects the posi-
tion of the adversary. Then the metaphase ends after the
bn/2c-th long phase. We number all phases (within current
metaphase) starting from 1. Let Pj be a node in which the
algorithm has its page during the expanding part of j-th
phase, and let Xj be the duration of the expanding part
of phase j. Then the sequence of (Pj ,Xj ) fully character-
izes the algorithm’s behaviour in this metaphase and will be
called canonic sequence. By Si we denote the set of all in-
dexes of short phases and by Li the set of all indexes of long
phases in the canonic sequence of metaphase i. Obviously,
|Li| = bn

2
c.

Now, when the canonic sequence is fixed, the performance
of the algorithm depends only on ri, the position of the ad-
versary in metaphase i. In fact, the behaviour of the algo-
rithm will follow the canonic sequence either till the phase
in which the algorithm detects the position of the adversary
(i.e. till the end of the first long phase j such that Pj = ri)
or till the end of the whole canonic sequence.

We prove now that in any metaphase the expected cost
of the algorithm is greater than the expected cost of the
adversary times 1

16
min{λ, D, n

√
D}, where the expectation

is taken over possible values of ri, i.e. over the set [n] :=
{0, . . . , n − 1}. This summed over all metaphases will yield
Lemma 7. By COPT(ri) and CALG(ri) we denote the costs
of the adversary and algorithm, respectively, in the current
metaphase i, under the assumption that the adversary is in
the node ri during the metaphase. Then we have to prove
that

Eri [CALG(ri)] ≥
1

16
min{λ, D, n

√
D} · Eri [COPT(ri)] ,

or since the ri are distributed uniformly over the set [n] =
{0, ..., n − 1} it is equivalent to

X

ri∈[n]

CALG(ri) ≥
1

16
min{λ, D, n

√
D} ·

X

ri∈[n]

COPT(ri). (3)

First we show an upper bound for the adversary’s cost. In
any short phase s, Xs is the length of the expanding part,
the contracting part is at most as long as the expanding one.
Since λ ≥

√
D, PALG is moved away during the whole ex-

panding part and Ks = min{Xs−1, λ} = Xs−1. Therefore,

the adversary pays 2 ·PXs−1
k=0 (k + 1) = X2

s + Xs for serving
requests if it is at the node Ps and 2 · Xs if it is anywhere
else. Thus, the total cost in short phases, summed over n
possible choices of ri, is

P

s∈Si
(X2

s + Xs + (n − 1) · 2Xs) ≤
P

s∈Si
(X2

s +2n·Xs). In any long phase ` the adversary pays

2 ·P
√

D
k=0(k +1) ≤ D +3

√
D +2 < 2D for serving requests if

it is at the same node as the algorithm and 2 ·X` otherwise.
There are at most bn/2c long phases, therefore the total
cost in long phases is at most bn/2c · 2D + n ·P`∈Li

2X` ≤
n · D + 2n ·P`∈Li

X`. Additionally, each of n adversaries



moves its page exactly once in a metaphase, along a distance
0, incurring a cost of D. Summing up, the total cost over
all n choices of the ri is
X

ri∈[n]

COPT(ri) ≤
X

s∈Si

(X2
s +2nXj)+

X

`∈Li

(2nX`)+nD+nD.

The lower bound on the total cost of n executions of the
algorithm against n different choices of ri is constructed as
follows. At least dn/2e ≥ n/2 different values of ri guarantee
that the algorithm will not detect the adversary’s position
and will not end before finishing its canonic sequence. For
all those values of ri the algorithm has to pay for all short
and long phases, from Si and Li, respectively. Since we
assumed that the maximum allowed distance is λ ≥

√
D,

the cost of moving the algorithm’s page after a short phase
s is equal to DKs = DXs. Now consider any long phase `.
If the length of its expanding part X` is not greater than λ,
then the cost of moving the page at the end of the expanding
part is (X` + 1) ·D ≥ X` ·D. Otherwise, the cost of serving

requests in the expanding part is
Pλ−1

k=0(k + 1) + (X` − λ) ·
(λ + 1) ≥ X` · λ − λ2

2
≥ 1

2
λX`, and the cost of moving the

page afterwards is (λ+ 1) ·D ≥ λD. Summing up, the total
cost over n possible choices of ri is:

X

ri∈[n]

CALG(ri) ≥
1

2
n ·

0

B
B
@

X

s∈Si

DXs +
X

`∈Li
X`≤λ

DX`

+
X

`∈Li
X`>λ

„
1

2
λX` + λD

«

1

C
A

The technical proof that the bounds on
P

ri∈[n] COPT (ri)

and on
P

ri∈[n] CALG(ri) fulfill Inequality 3 can be found in

the appendix. This finishes the proof of Lemma 7.

Now let ALGRAND be any but fixed online randomized al-
gorithm. ALGRAND is equivalent to some probability dis-
tribution {pi} over the set of all possible deterministic al-
gorithms ALGi. We construct a matrix M whose rows are
indexed with all possible deterministic algorithms ALGi and
whose columns are indexed with all possible S-element se-
quences of integers from the set {0, . . . , n− 1}, i.e. columns
are elements from [n]S . We set the values in this matrix to

Mi,r := CALG− 1
16

min{λ, D, n
√

D} ·CADVr . It follows from
Lemma 7 that the average over each row is not smaller than
0. Then there exists (see [10, chapter 2] for a similar proof)
a column r in which the average (weighted with pi) is greater
than 0. In other words, there exists a deterministic adver-
sary ADVr such that E[CALGRAND − 1

16
min{λ, D, n

√
D} ·

CADVr ] ≥ 0, where the expected value is taken over all pos-
sible choices of the algorithm. Since we can prove it for any
sequence length S, the competitive ratio of any randomized
algorithm against cooperating adaptive-online adversaries is
at least Ω(min{λ, D, n

√
D}). This finishes the proof of The-

orem 6.

3. OBLIVIOUS COOPERATIVE
One could hope that the huge competitive ratio does not

hold against non-adaptive adversaries. However, it appears
that for the oblivious cooperative scenario there exists a
lower bound which is almost as large as in the adaptive case.

Theorem 8. For any c-competitive algorithm for the dy-
namic page migration problem playing against cooperating
oblivious configuration and sequence adversaries c = Ω(min

{
√

D, λ}).

Proof. We will prove that even on a graph with two
nodes connected by an edge, the competitive ratio of the
algorithm is at least Ω(min{

√
D, λ}). Note that if the net-

work has more than two nodes, the adversary can give re-
quests only in v0 and v1 and put other nodes exactly in
the same point of space X as v1. Then for any algorithm
ALG that uses the nodes v2, v3, . . . , vn−1, there exist an al-
gorithm ALG′ which uses v1 instead and achieves cost not
larger than ALG.

We construct a probability distribution over inputs and
prove that no deterministic algorithm which knows this dis-
tribution can achieve a competitive ratio better than Ω(min

{
√

D, λ}). Using the Yao min-max theorem [8], Theorem
8 will be proven for any randomized algorithm against an
oblivious adversary.

We divide the time into phases, each of length D + 2 ·
min{λ,

√
D} steps. Each phase consists of expanding part

which lasts for min{λ,
√

D} steps, main part lasting for D

steps and contracting part lasting for min{λ,
√

D} steps. In
i-th time step of expanding part the adversary moves v1 so
that d(v0, v1) = i− 1 and a request is issued at the node v0.

Throughout the whole main part d(v0, v1) = min{λ,
√

D},
and all the requests are issued at the same node — with
probability 1/2 it is v0 and with probability 1/2 it is v1. In

i-th step of the contracting part d(v0, v1) = min{λ,
√

D}− i
and the requests are issued at node v1.

For any randomly generated sequence of T phases, the
optimal offline cost for serving all the requests is at most

COPT ≤ T · (D+1+
Pmin{λ,

√
D}−1

i=0 (i+1)) ≤ T ·3D, because
the optimal algorithm can move the page in the first step
of the phase (paying 1 for serving request and D for jump-
ing) to the node where all the D requests in the main part

are. It pays additionally (
Pmin{λ,

√
D}−1

i=0 (i + 1)) either in
expanding part or in contracting part. On the other hand
any deterministic algorithm has its page with probability
1/2 at the wrong node at the first time step of the main
part. If it is the case and if it jumps within this part then
it will pay D · min{λ,

√
D} for moving the page, otherwise

it will pay D · min{λ,
√

D} for serving the requests during
the main part. Summing it over all phases, we get that
E[CALG] = T · 1

2
D ·min{λ,

√
D}. Therefore the competitive

ratio is at least

ROBL ≥ E[CALG]

COPT
= Ω(min{λ,

√
D}) ,

which finishes the proof of Theorem 8

We note that since the upper bound against two adaptive
adversaries holds also against two oblivious ones, we obtain a
competitive ratio of O(min{n ·

√
D, D, λ}) for the oblivious

cooperative scenario. We note that this bound is up to a
constant factor optimal in networks with a constant number
of nodes.

4. HYBRID NON-COOPERATIVE
In this case we define our metric space X to be a

d-dimensional torus of diameter
√

D, where d is a fixed in-
teger. d-dimensional torus is the same as a d-dimensional



mesh [0, 1, 2, . . . ,
√

D − 1]d with added wrap-around edges,
all of length 1. For any two nodes vx = (x1, x2, . . . , xd) and
vy = (y1, y2, . . . , yd) we define the distance between them

along the i-th dimension as di(vx, vy) = min{|xi −yi|,
√

D−
|xi − yi|}. Additionally, we will refer to d1 as to first di-
mension distance. As the distance function on X we take
Manhattan distance, i.e. d(vx, vy) =

P

1≤i≤d di(vx, vy).

Note that on such a torus (even for two nodes on a
1-dimensional torus and even for the oblivious cooperative
scenario) the competitive ratio of any algorithm for the dy-

namic page migration is at least Ω(
√

D). We show that if
the configuration adversary is a stochastic process defined
below, then the competitive ratio is significantly lower. For-
mally, we let the request adversary pick the request sequence
(σt) and the initial configuration C0 of n points in the space
X . The rest of the configuration sequence (Ct) is generated
randomly according to the following rule:

For each i ≥ 1, Ci is generated from Ci−1 in the
following way. For each node v from Ci−1 a new
position is chosen. Each coordinate of the cur-
rent position of v with probability 1/3 remains
the same, increases by 1 or decreases by 1.

We can show that if the number of nodes is constant, then
the expected competitive ratio is polylogarithmic in D. In
this paper we prove it for the case of n = 2.

We present an algorithm ALGMAJ, which works as fol-
lows. We divide the whole input into phases, each consist-
ing of an interval of K = 1

6
· D · ln(2 ·

√
D) time steps. The

algorithm moves (optionally) only at the end of a phase
to the node which issued the majority of requests in this
phase. Formally, for any time interval I and a node number
j ∈ {0, 1}, we define I#j be the number of requests issued
in node vj within time interval I. Let PALG(i) denote the
algorithm position throughout the whole i-th phase. If after
the i-th phase Ii there exists a node vx ≡/ PALG(i), such that
Ii#x > 1

2
K, then the algorithm moves to the node vx.

However, we are not able to prove a desired bound on
the expected competitive ratio for short request sequences
or for request sequences in which, after some early time step
t, only one node accesses the page. We call a phase empty
if it consists only of requests at one node. We say that an
input sequence is sufficiently long if it consists of at least
α · D3/2 · log2D + 2 non-empty phases, where α is some
constant that we will specify later.

Theorem 9. In the hybrid non-cooperative scenario
of the dynamic page migration problem, for any suffi-
ciently long input sequence, the deterministic online algo-
rithm ALGMAJ achieves the expected competitive ratio of
O(d · log2 D) on two nodes in d-dimensional torus of diam-

eter
√

D.

Proof. First, we will show that ALGMAJ achieves the
expected competitive ratio of O(log2 D) on a 1-dimensional

torus i.e. a ring of
√

D points. In the following, we will
always assume that if the algorithm has its page at a node
other than the node issuing the request, then the algorithm
will pay for serving the request the maximum possible cost
of communication in the ring, which amount we will denote

by A = 1+
√

D
2

= O(
√

D). If the algorithm moves the page,

we assume that the cost of such an operation is as large as
possible, i.e. D · A.

We introduce a notion of a configuration path. A con-
figuration path is just a sequence of configurations, such
that for each two consecutive configurations Ci and Ci+1,
the distance between the positions of any node v in both
configurations is at most 1. The number of possible config-
urations of two nodes is (

√
D)2 = D. We can prove that if

we begin from any configuration C, and the configuration
is changed according to our stochastic process, then after
k ≥ K steps we arrive at an almost uniform distribution of
configurations. By an almost uniform distribution we mean
that the probability of any configuration is at least 1

4
· 1

D
.

This observation is proven in the appendix.

Observation 10. For any configuration C, after k ≥ K
time steps the probability distribution over all possible con-
figurations is almost uniform.

However, if we take an interval which is relatively shorter
than K, i.e. of length L = 1

(24)2
· D
4 log D

, then with a constant

probability the starting configuration does not change much.
In particular, the following technical lemma, proven in the
appendix, holds.

Lemma 11. Let Ct be the configuration at time step t, and
let the distance between two nodes in Ct be at least

√
D/3.

Then at least 1
4

of all configuration paths of length L starting
at Ct have the property, that the distance of these two nodes
is at least

√
D/6 on all configurations on the path.

It is straightforward that in the first two phases the cost of
the algorithm is at most 2 · (K ·A+D ·A) = O(D3/2 log D).
This creates an additive constant in the algorithm’s cost.

We fix any phase i ≥ 3, and denote the corresponding time
interval by I. The main idea is to show that for each such in-
terval I, we can find a consistent subinterval J which is hard
even for the optimal algorithm. By the notion hard we mean
that if such subinterval begins with an almost uniform dis-
tribution of configurations, then on the constant fraction of
configuration paths in this interval, each algorithm (in par-
ticular the optimal algorithm) has a cost not much smaller
than ALGMAJ on I. Without loss of generality we can as-
sume that at the beginning of I the algorithm has its page
at node v0. We consider two cases.

(a) If I#0 ≥ 1
2
K, then from the average argument, follows

that there exists a subinterval J ⊆ I, such that |J | =
L, J#0 = L

K
· I#0 ± 1 and J#1 = L

K
· I#1± 1. Then

ALGMAJ cost in this interval is at most

CALG(I) ≤ A · I#1

≤ A · min{I#0, I#1}

= O(
√

D · K

L
) · min{J#0, J#1}

= O(
√

D · log2 D) · min{J#0, J#1} .

(b) If I#0 < 1
2
K, then I#1 > 1

2
K. Additionally, in the

previous phase interval I0 there were at most 1
2
K re-

quests at node v1, otherwise ALG would not have its
page at v0 at the beginning of the interval I. There-
fore, there exists a subinterval J ⊆ I0 ∪ I of length L,
such that J#1 = 1

2
· L ± 1. Then ALGMAJ cost is at

most



CALG(I) ≤ K · A + D · A
= O(K · A)

= O(L · log2 D ·
√

D)

= O(
√

D · log2 D) · min{J#0, J#1} .

First, we show that interval J is hard. To prove it, we
assume that J begins with an almost uniform distribution
of configurations. If the position of the nodes v0 and v1

were chosen uniformly at random, then with probability at
least 1

3
, they would be at the distance of at least

√
D/3.

Since the distribution is almost uniform, the probability of
this event is at least 1

12
. Then it follows from Lemma 11

that on the fraction of at least 1
4
· 1

12
of all configuration

paths in the interval J , the distance between v0 and v1 is at
least

√
D/6. On these configuration paths the performance

of any algorithm is not much better than the performance
of the algorithm ALGMAJ in I. Actually, if any algorithm
moves the page within interval J , then it pays at least D ·√

D/6. Otherwise, it has its page always in the same node,
paying for serving all requests coming from the other node,

i.e. paying at least
√

D
6

· min{J#0, J#1}. In either case its

cost is at least Ω( 1
log2 D

) · CALG(I).

We can find a relation between the cost of the optimal
algorithm in interval J and the cost of ALGMAJ in interval
I on any configuration path, even in the situation where v0

and v1 are at the same point of the ring. The cost of any
algorithm in interval J is then at least min{D, J#0, J#1} =
min{J#0, J#1} ≥ Ω( 1√

D·log2 D
) · CALG(I)

Now, we have to justify the assumption that each inter-
val J begins with an almost uniform distribution of config-
urations. If we take all the intervals Ii corresponding to
the phases i of our algorithm, the corresponding Ji subin-
tervals are not only dependent, but they can even overlap
each other. This is because in the case (b) we look for a
subinterval Ji in the intervals Ii−1 and Ii. However, if we
choose every third interval Ii, then the distances between
two consecutive subintervals will be at least K. Thus, it
follows from Observation 10 that if we fix a configuration
path in one of Ji then at the beginning of subinterval Ji+3

we have an almost uniform distribution over configurations.
Formally, we divide the set of all phases into 3 subsets S0,
S1 and S2, where Sj is the set containing all phases i ≥ 3
such that i mod 3 = j. Let Smax be this set among Sj ,
whose phases incur the largest cost on ALGMAJ. It holds
P

i∈Smax
CALG(Ii) ≥ 1

3
·Pi≥3 CALG(Ii),

This leads to the conclusion that this can be considered as
a following randomized process. In each phase i from Smax

the algorithm has cost CALG(Ii) and the optimal algorithm
has cost COPT(Ji) on the subinterval Ji which is at least

c
log2 D

·CALG(Ii) with some constant probability p and a con-

stant c, and at least Ω( 1√
D·log2 D

)·CALG(Ii) with probability

1 − p. We want to have a lower bound for the sum of optimal
algorithm’s cost, therefore we can assume that COPT(Ji) is
a random variable which is equal to c

log2 D
· CALG(Ii) with

probability p, and 0 otherwise.
We prove that after a sufficiently long request sequence

(consisting of 12
p2 ·D3/2 · log2 D + 2 non-empty phases) with

high probability the cost of the optimal algorithm is within
a factor of O(log2 D) from the cost of ALGMAJ incurred in

the phases i ≥ 3. It follows from Hoeffding inequality [11]
that:

Pr

"
X

i∈Smax

COPT(Ji) <
c · p
2

X

i∈Smax

CALG(Ii)

log2 D

#

≤ 1

D
(4)

The proof of the inequality above can be found in the ap-
pendix. Therefore, with the probability at least 1 − 1

D

we have COPT(σt, Ct) ≥ P

i∈Smax
COPT(Ji) = Ω( 1

log2 D
) ·

P

i∈Smax
CALG(Ii) = Ω( 1

log2 D
) · Pi≥3 CALG(Ii) and with

the probability at most 1
D

, COPT(σt, Ct) ≥ Ω( 1√
D·log2 D

) ·
P

i≥3 CALG(Ii). Thus, the expected competitive ratio equals

RALG = E(Ct)

»
CALG(σt, Ct) −O(D3/2 · log D)

COPT(σt, Ct)

–

≤ E(Ct)

"P

i≥3 CALG(Ii)

COPT(σt, Ct)

#

= O(log2 D) · (1 − 1

D
) + O(

√
D · log2 D) · 1

D

= O(log2 D) .

We can extend the proof for the ring to the case of a d-
dimensional torus. Note that in the reasoning above, for
each time step in which the algorithm had some cost we
charged the algorithm A, i.e. the maximum possible commu-
nication cost on the ring. Therefore, on the d-dimensional
torus, we could still charge the optimal algorithm only for
the communication along the first dimension and the cost
of the algorithm will increase at most by a factor of d. If
the metric were the Euclidean distance, then the cost of the
algorithm would be increased by a factor of

√
d and the ex-

pected competitive ratio would be O(
√

d·log2 D). This ends
the proof of Theorem 9.

We note that if we replace this torus by a mesh of diame-
ter

√
D, then we are able to prove asymptotically the same

bound on the expected competitive ratio. We are still able
to find K = O(D · log D), such that after K time steps the
random walk of the nodes on the mesh yields almost uniform
distribution. We could take the same value of L = Ω( D

log D
)

as in the proof of Theorem 9 and this assures that if two
nodes are far apart from each other, then after L steps their
distance remains large. Since the expected competitive ratio
is up to a constant factor equal to the quotient K

L
, Theo-

rem 9 holds also for meshes. Furthermore, we can play with
the constants inside the proof and allow the diameter to be
Θ(

√
D) instead of

√
D.

It is also possible to extend this proof to any constant
number of nodes. We can also generalize it to n nodes,
but it would yield a competitive ratio of Ω(n2). However,
we are convinced that the expected ratio of the dynamic
page migration problem is at most polylogarithmic in n and
D and can be achieved by more sophisticated algorithms.
Analysis for other diameters of the torus (mesh) and other
models of changes of the network is a subject of future work.
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APPENDIX

A. THE PROOFS FOR SECTION 2

Proof of Lemma 2. PALG ≡ POPT implies K = 0E ,
F (K) = 0 and F(K0) = 0. Since the algorithm is not in
the node which issued the request, neither is the adversary.

Thus c(Y ) = c(X) = 1 + X. Additionally for all PRi ∈ R,
Yi = Xi ≤ 5

4
X < 2X. Then we have

E[CALG+∆Φ]

= c(X) +
X

PRi
∈R

B(X)

m
· [D · c(Xi) + F(Yi)]

= 1 + X +
X

PRi
∈R

B(X)

m
· [D · (1 + Xi) + F(Xi)]

≤ 1 + X + B(X) [D + D · 2X + F(2X)]

≤ 1 + X + b · 1√
D

(D + 2DX) + B(X) · F(2X)

≤ (1 + 2b ·
√

D) · (1 + X) + B(X) · F(2X)

≤ O(
√

D) · c(Y ) + B(X) · F(2X) .

The first inequality follows from the monotonicity of F(·)
function. Now it is sufficient to prove that

B(x) · F(2x) = O(n
√

D) · (1 + X) = O(n
√

D) · c(Y ) .

First, we notice that F(2x) and F(x) are only constant fac-
tor away from each other.

F(2x) = FB +(2x) ·f ·
√

D ·min{2x,
√

D} ≤ FB +4 ·F ′(x) .

Now we have B(x)·FB = B(x)·fnD
√

D =: (1). We consider
three cases:

if x ≤ 1, (1) = bfn
√

D

if 1 < x ≤
√

D, (1) = bfn
√

D · x
if x >

√
D, (1) ≤ b 1√

D
· fnD

√
D < bfn

√
D · x

Analogously, B(x)·F ′(x) = B(x)·fx
√

D·min{x,
√

D} =: (2).
We consider four cases:

if x ≤ 1, (2) = b · 1
D

· f
√

D · x2 < bf

if 1 < x ≤
√

D, (2) = b · x
D

· f
√

D · x2 ≤ bf
√

D · x
if
√

D < x ≤ D, (2) = b · 1
x
· fD · x < bf

√
D · x

if x > D, (2) = b · 1
D

· fD · x ≤ bf · x

In either case

B(x) · F(2x) ≤ B(x) · (FB + 4 · F ′(x))

≤ bfn
√

D · (1 + x) + 4 · bf
√

D · (1 + x)

≤ O(n
√

D) · (1 + x) ,

which finishes the proof of Lemma 2.

Proof of Lemma 3. In this proof we concentrate on a
case PALG ≡/ POPT. First, we show how to bound the ex-
pression E[∆Φ]. It follows from Equation 2 that

E[∆Φ] = F(K) −F(K0) +
X

PRi
∈R

B(X)

m
· [F(Yi) −F(K)] .

We denote F(K) − F(K0) by ∆F(K), i.e. ∆F(K) is the
change induced by changing the distance between PALG and
POPT. We note since the algorithm and the adversary have
their pages at the different nodes (K 6= 0E) it was also the
case at the beginning of the time step, i.e. K0 6= 0E . Since
F(·) is monotonically increasing, ∆F(K) is maximized when
K0 is as small as possible. The distance between any two
nodes cannot change by more than 2 per round, therefore



∆F(K) ≤ F(K) − F(max{K − 2, 0}). Thus for K ≤
√

D
we have

∆F(K) ≤ f
√

D · (K2 − (K − 2)2) ≤ 4f
√

D · K ,

and for K >
√

D we have

∆F(K) ≤ F(K) −F(max{K − 2,
√

D}) + ∆F(
√

D)

≤ fD · (K − (K − 2)) + 4f
√

D ·
√

D

≤ 6fD

≤ 6f
√

D · K .

Second, we find an upper bound for E[CALG]. From the
definition of B(·) function we have b ≤ B(X) · D. Then the
algorithm’s cost of servicing the request is equal to

c(X) ≤ 1 +
1

b
· B(X) · DX = 1 +

B(X)

m

X

PRi
∈R

1

b
DX .

and the algorithm’s expected cost of moving the page is
B(X)

m

P

PRi
∈R

D · (1 + Xi) ≤ B(X)
m

P

PRi
∈R

D · (1 + 5
4
· X) (see

Equation 2 and Lemma 2). Thus, the total expected cost of
the algorithm is

E[CALG] ≤ 1 + B(X) · D +
B(X)

m

X

PRi
∈R

„
1

b
+

5

4

«

DX

≤ 1 + b ·
√

D +
B(X)

m

X

PRi
∈R

2DX .

Therefore, the total amortized cost per round is bounded by

E[CALG + ∆Φ] ≤ 1 + b ·
√

D
| {z }

constant part

+ ∆F(K) (5)

+
B(X)

m

X

PRi
∈R

[2DX + F(Yi) −F(K)]

| {z }

variable part

To show that the lemma holds we consider the following two
cases, depending on whether POPT ∈ R.

1. POPT /∈ R. Since POPT lies outside the R set, Y is
large compared to X, i.e. Y > X/4. Additionally,
POPT ≡/ PR implies c(Y ) = 1 + Y . Since the constant

part in Inequality 5 is smaller than O(
√

D) · 1, it is suf-
ficient to prove that the ∆F(K) term and the variable

part is not greater than O(
√

D) · Y . First we prove
the bound on ∆F(K). The triangle inequality implies
K ≤ Y + X ≤ Y + 4Y = 5Y . Then

∆F(K) ≤ 6f
√

D · K ≤ O(
√

D) · Y .

To bound the variable part, which we will further de-
note as V P , first we notice that the triangle inequality
implies Yi ≤ Y + X/4 < 2Y for all i. Therefore

V P ≤ B(X)(2DX + F(2Y ) −F(K))

≤ B(X)(2D · (4Y ) + F ′(2Y ))

≤ b · 1√
D

· (8DY + fD · (2Y ))

= O(
√

D) · Y .

2. POPT ∈ R. Since Y (and therefore also cost of the
adversary) can be almost arbitrarily small, we cannot
use the argument from the previous case. However,
we are able to prove that the expected change in the
potential is negative and the algorithm’s cost can be
paid from the potential function.

POPT ∈ R implies that Y ≤ X/4, K ≥ X − Y ≥ 3
4
X

and that for all i, Yi ≤ Y + X/4 ≤ X/2. We split the
variable part depending on whether a node PRi ∈ R is
equal to POPT.

V P ≤ B(X)

m

X

PRi
∈R

2DX

+
B(X)

m

X

PRi
∈R

PRi
≡POPT

(F(0E) −F(K))

+
B(X)

m

X

PRi
∈R

PRi
≡/ POPT

(F(Yi) −F(K))

≤ B(X) ·
„

2DX − F(K)

m
+ F(X/2) −F(K)

«

Using the triangle inequality we obtain 3
4
X ≤ X −Y ≤

K ≤ X + Y ≤ 5
4
X. Applying F(K)/m ≥ FB/m =

fD
√

D · n
m

> fD
√

D, we get

V P ≤ B(X)

„

2DX − fD3/2 + F ′(
1

2
X) −F ′(

3

4
X)

«

.

We can prove that V P is negative and in absolute value
it is greater than the sum of constant part and ∆F(K).

First, we note that 1
16

B(X) · fD3/2 ≥ b 1
D

· fD3/2 is
greater than the constant part, and therefore it is suf-
ficient to prove that V P ′ := V P − 1

16
B(X) · fD3/2 ≥

∆F(K).

We consider two cases. If X < 2 ·
√

D, then ∆F(K) ≤
6f

√
DK ≤ 15

2
f
√

DX and it can be easily checked that

B(X) ≥ 1
4
· b · X

D
. Substituting f by 22 and b by 40, we

obtain

V P ′ ≤ B(X) ·
„

2DX − 15

16
f · D ·

√
D

«

≤ 1

4
· b · X

D
·
„

4 · D
√

D − 15

16
f · D

√
D

«

≤ − ∆F(K)

Otherwise X ≥ 2 ·
√

D which implies K >
√

D and
we can bound ∆F(K) by ≤ 6fD. Additionally, in this
case B(X) ≥ b · 1

X
.

V P ′ ≤ B(X) ·
`
2DX + F ′(1/2 · X) −F ′(3/4 · X)

´

≤ b · 1

X
· (2DX + fD(1/2 · X) − fD(3/4 · X))

≤ − ∆F(K)

In either case the sum of V P , constant part and ∆F(K)
is smaller than 0.

This finishes the proof of Lemma 3

Proof of Theorem 4. In this proof we will reuse no-
tation from the ALGDIST algorithm and Theorem 1. This



time, let F(x) = 3 · D · c(x). Analogously to the proof of

the O(n ·
√

D) competitiveness we divide each time step into
two parts, i.e.

1. OPT does not move the page. If all distances are 0E

then the proof follows trivially. Otherwise if Y = 0E ,
then X = K 6= 0E , c(X) = 1 + X and we have

CALG + ∆Φ = c(X) + D · c(X) + ∆F(K)

+ F(Y ) −F(K)

≤ (1 + D) · c(X) + D − 3D · c(X)

≤ 0 .

In other case Y 6= 0E and then

CALG + ∆Φ = (1 + D) · c(X) + D

+ 3D · c(Y ) − 3D · c(K)

≤ 3D · c(X) − 3D · c(K) + 3D · c(Y )

≤ 3D · (X + 1) − 3D · K + 3D · c(Y )

≤ 3D · Y + 3D + 3D · c(Y )

≤ 6D · c(Y )

≤ O(D) · COPT .

2. OPT moves the page across non-0E distance, paying
D · c(Y ). We obtain

CALG + ∆Φ = 0 + F(X) −F(K)

≤ 3D · (X + 1) − 3D · K
≤ 3D · (Y + 1)

= 3D · c(Y )

= O(COPT) .

In both cases we made extensive use of triangle inequality.
Therefore, Theorem 4 holds.

Proof of Inequality 3. We have the following bound
on
P

ri∈[n] COPT(ri):

X

ri∈[n]

COPT(ri) ≤
X

s∈Si

(X2
s + 2nXs)

| {z }

(∗)

+
X

`∈Li

2nX`

| {z }

(∗∗)

+2nD

|{z}

(∗∗∗)

Multiplying each summand by min{λ, D, n
√

D} we get

min{λ, D, n
√

D} · (∗) ≤ n
√

D
X

s∈Si

X2
s + D

X

s∈Si

2nXs

≤
X

s∈Si

“

n
√

D · Xs

√
D + 2nDXs

”

≤
X

s∈Si

3nDXs ,

min{λ, D, n
√

D} · (∗∗) ≤
X

`∈Li
X`≤λ

2nDX` +
X

`∈Li
X`>λ

2nλX` ,

min{λ, D, n
√

D} · (∗ ∗ ∗) ≤ n
√

D · 2nD

≤ 3
X

`∈Li

2nD
√

D

≤
X

`∈Li
X`≤λ

6nD
√

D +
X

`∈Li
X`>λ

6nD
√

D

≤
X

`∈Li
X`≤λ

6nDX` +
X

`∈Li
X`>λ

6nλD .

In bounding the last expression we used 3|Li| = 3bn/2c ≥ n

and λ ≥
√

D. Summing up, we get that

min{λ, D, n
√

D} ·
X

ri∈[n]

COPT(ri) ≤ 16 ·
X

ri∈[n]

CALG(ri) ,

which finishes the proof of Inequality 3.

B. THE PROOFS FOR SECTION 4

Proof of Observation 10. First, we note that if we
start from any configuration C, then we can consider each
node movement separately. Each node movement is a ran-
dom walk on a ring of size

√
D, which is equivalent to

a finite ergodic Markov chain, whose stationary distribu-
tion is uniform. Rosenthal in [12] gives explicit bounds
on the convergence ratio of such a random walk, i.e. af-
ter k ≥ K = 1

6
D · ln (2

√
D) steps the probability pX of the

random walk ending in some particular point X of the ring
fulfills pX ∈ [ 1√

D
− ε, 1√

D
+ ε], where ε denotes the bound

on variation distance

ε ≤

v
u
u
u
t

e
− 4π2

3(
√

D)2
·k

1 − e
− 4π2

3(
√

D)2
·k

.

Since k ≥ 1
6
· D, we have

ε ≤

s

e−
4·32
3D

·k

1/2
≤

√
2 · e−12· 1

6
·ln(2

√
D) ,

which reduces to

ε ≤ eln
√

2−2 ln(2
√

D) ≤ e− ln(2
√

D) =
1

2
√

D
.

Provided that C is the starting configuration, let pC′ denote
the probability of arriving after k ≥ K steps at configuration
C′. Then pC′ is the product of the probabilities of both
nodes arriving at the given coordinates. Therefore pC′ ≥
( 1√

D
− ε)2 ≥ ( 1

2
√

D
)2 ≥ 1

4
· 1

D
.

Proof of Lemma 11. First we prove that for any node
vi, its position after ` ≤ L steps differs from its starting posi-

tion by more than
√

D
12

= 2
√

L · 4 log D with the probability

at most 1
2D

. We replace the random walk, induced by the
node movement, by a sequence of ` Bernoulli trials in the
following way. The node A starts at point 0 of an infinite
line. With probability 1/2, A decreases its coordinate by 1,
and with probability 1/2, increases it by 1. For any fixed
random bits the distance between A and point 0 generated
by this process is at least as large as the distance between
the current and the starting position of vi created by the
random walk.



Let H` be a random variable denoting the number of po-
sitive outcomes in this Bernoulli process after ` steps. Obvi-
ously µ := E[H`] = `/2. Then it is sufficient to prove that,
with probability at most 1

2D
, the number of positive out-

comes is greater than E[H`] +
√

L · 4 log D or smaller than
E[H`] −

√
L · 4 log D. Since H` is the sum of independent

0/1 variables, then by applying the Chernoff bound [11] we
get

Pr[H` ≤ µ −
p

L · (log 4D)] ≤ Pr[H` ≤ µ −
p

l · (log 4D)]

= Pr[H` ≤ µ(1 − 2

r

log 4D

`
)]

≤ e
− 1

2
·
„

2
q

log 4D
`

«2

·µ

≤ 1

4D
.

Since the process is symmetric (the same probability for
increase and decrease), the same bound applies to Pr[H ≥
µ +

p
` · (log 4D)]. We can bound the probability that at

any of the L steps the distance between the starting and the

current positions of vi are greater than
√

D
12

by L · 1
2D

≤ 1
2
.

Since the movement of two different nodes is independent,
with probability at least 1

4
the distance between two nodes

does not change by more than
√

D/12+
√

D/12 =
√

D/6 in
L time steps.

Proof of Inequality 4. COPT(Ji) are the random vari-
ables fulfilling 0 ≤ COPT(Ji) ≤ c

log2 D
· CALG(Ii) =: Bi.

Moreover, E[COPT(Ji)] = p · c
log2 D

· CALG(Ii) and

Bi ≤ c

log2 D
· (D + K) · A ≤ 2c · D3/2

log D
.

Further, we denote E[
P

i∈Smax
COPT(Ji)] by µ. By applying

Hoeffding inequality [11] we obtain

Pr

"
X

i∈Smax

COPT(Ji) <
1

2
· p

X

i∈Smax

Bi

#

= Pr

"
X

i∈Smax

COPT(Ji) < µ −
X

i∈Smax

1

2
· p · Bi

#

≤ exp

 

−
2 · (Pi∈Smax

1
2
· p · Bi)

2

P

i∈Smax
B2

i

!

≤ exp

0

B
@−

p2 · (Pi∈Smax
Bi)

2

2 ·
“
P

i∈Smax
Bi

”

· max
i∈Smax

Bi

1

C
A

= exp

 

−
p2 · c

log2 D
·Pi∈Smax

CALG(Ii)

2 · 2c · D3/2

log D

!

≤ exp

 

−
p2 · 1

3
·Pi≥3 CALG(Ii)

4 · D3/2 · log D

!

≤ 1

D
,

where in the last inequality we used the fact that the re-
quest sequence is sufficiently long, i.e. it consists of at least
12
p2 · D3/2 · log2 D non-empty phases, each incurring a cost

at least 1 on the algorithm.


