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Abstract. The dynamic page migration problem [4] is defined in a dis-
tributed network of n mobile nodes sharing one indivisible memory page
of size D. During runtime, the nodes can both access a unit of data from
the page and move with a constant speed, thus changing the costs of
communication. The problem is to compute online a schedule of page
movements to minimize the total communication cost.
In this paper we construct and analyze the first deterministic algorithm
for this problem. We prove that it achieves an (up to a constant factor)
optimal competitive ratio O(n ·

√
D). We show that the randomization of

this algorithm improves this ratio to O(
√

D · log n) (against an oblivious
adversary). This substantially improves an O(n ·

√
D) upper bound from

[4]. We also give an almost matching lower bound of Ω(
√

D ·
√

log n) for
this problem.

1 Introduction

The page migration problem [1, 2, 5, 7, 10] arises in a distributed network of
processors which share some global data. Shared variables or memory pages are
stored at the local memory of these processors. If a processor wants to access
(read or write) a single unit of data from a page, and the page is not stored
in its local memory, it has to send a request to the processor holding the page,
and appropriate data is sent back. Such transactions incur a cost which is pro-
portional to the distance between these two processors. To avoid the problem
of maintaining consistency among multiple copies of the page, the model allows
only one copy of the page to be stored in the network. However, to reduce the
communication cost, the system can migrate the page between processors. The
migration cost is proportional to the cost of sending one unit of data times the
size of the memory page. The problem is to decide, online, when and where to
? The extended abstract of this paper appeared in the proceedings of 22nd Symposium

on Theoretical Aspects of Computer Science (STACS). Partially supported by DFG-
Sonderforschungsbereich 376 “Massive Parallelität: Algorithmen Entwurfsmethoden
Anwendungen” and by the Future and Emerging Technologies programme of the EU
under EU Contract 001907 DELIS “Dynamically Evolving, Large Scale Information
Systems”.



move the page to minimize the total cost of communication over all sequences of
requests. The performance of the online algorithm is measured by competitive
analysis [9, 6], i.e. by comparing its total cost to the total cost of the optimal
offline algorithm on the same input sequence.

The dynamic page migration (DPM) problem introduced by Bienkowski, Ko-
rzeniowski and Meyer auf der Heide [4] is an extension to this model where the
adversary can change the positions of the nodes during the runtime of the al-
gorithm. This is typical in mobile networks, and also models the dynamics of
networks that are not exclusively dedicated to the page migration problem. Ob-
viously, the movement changes the distances and corresponding costs of sending
data between the processors. The DPM model imposes a basic restriction on
the adversary, i.e. the speed of the network changes has to be bounded. In each
round a new position of each node has to be chosen within a ball of a constant
diameter centered at its previous position. Whereas in the standard models of
page migration [5, 10] the cost is equal to the distance between two processors,
in DPM the cost of accessing one unit of data is defined as the distance between
the requesting node and the node holding the page plus a constant overhead
for communication. The reason for this overhead is twofold. First, this overhead
represents the fact that there are no zero-cost communications, even if nodes are
very close. Second, without the overhead in the definition of cost, the problem
becomes infeasible, i.e. no algorithm could achieve a finite competitive ratio.

The Model. Following [4], we define the DPM problem as follows. The network
is modelled as a set of n nodes (processors) labelled v0, v1, . . . , vn−1 placed in a
metric space (X , d). The distances between the nodes are given by the metric
d, but we extend the notion of the distance between two nodes in the following
way. If vi and vj are the same node, which we denote by vi ≡ vj , then we denote
the distance between them by 0E. Note that this is different from the case where
they just occupy the same point in the space, in which case we write vi = vj

and d(vi, vj) = 0.
We assume discrete time steps t = 1, 2, . . .. We denote the distance between

two nodes vx and vy in time step t as dt(vx, vy). Since the nodes can move, this
distance can change with time. A tuple Ct describing the positions of all nodes
in a time step t is called a configuration at time t.

An input consists of a configuration sequence (Ct) and a request sequence (σt),
both created by an adversary, where σt denotes the node that issues a request
at time t. The basic restriction mentioned above is formalized as follows.

Definition 1. A ∆-restricted adversary is allowed to choose a new position of
each node within a ball of radius ∆, centered at the previous position of this
node.3

For the ∆-restricted adversary and any node vx, its positions xt and xt+1 in two
consecutive configurations Ct and Ct+1 cannot be too far apart, i.e. d(xt, xt+1) ≤
∆. Furthermore, by λ we denote a maximum distance allowed between any two
nodes at any time step. If we do not impose any such restriction, then λ = ∞.
3 All adversaries considered in the previous work [4] were 1-restricted.



Any two nodes are able to communicate directly with each other. The cost
of sending a unit of data from node vx to node vy at time step t is defined by
a cost function ct(vx, vy) as follows. If vx ≡ vy then ct(vx, vy) = 0. Otherwise
ct(vx, vy) = dt(vx, vy) + 1. We have one shared, indivisible memory page of size
D, initially stored at the node v0. The cost of moving the whole page from vx

to vy in time step t is equal to D · ct(vx, vy).
In time step t ≥ 1, first the positions of the nodes are defined by Ct and

then a request is issued at the node vσt
. For clarity, we abuse the notation and

write “node σt” instead of “node vσt”. In this time step the algorithm has its
page in some node denoted by PALG(t). First, it has to pay ct(PALG(t), σt) for
serving the request. Then it can optionally move the page to a new position
P ′

ALG(t) paying the cost D · ct(PALG(t), P ′
ALG(t)). Sometimes, we will abuse the

notation by writing that an algorithm is at vi or moves to vj , meaning that the
algorithm’s page is at vi or the algorithm moves its page to vj .

We consider only online algorithms, i.e. the ones which make decision in step t
solely on the basis of the initial part of the input up to step t, i.e. on the sequence
C1, σ1, C2, σ2, . . . , Ct, σt. To analyze the performance of online algorithm ALG
we use competitive analysis [9, 6]. We say that a deterministic algorithm ALG
is c-competitive if for all input sequences (σt, Ct) it holds CALG((σt, Ct)) ≤
c ·COPT((σt, Ct)).4 CALG((σt, Ct)) and COPT((σt, Ct)) are the cost of ALG and
the optimal offline algorithm, respectively, run on the input sequence (σt, Ct).
The factor c is called the competitive ratio of the algorithm. For a randomized
algorithm to be c-competitive, we require that its expected cost is not greater
than c times the cost of the optimum. The expected value is taken over all
possible random choices of the algorithm. In this paper we consider only oblivious
adversaries [3], which have no access to the random bits used by the algorithm.

Related Work. For the page migration problem in a static network, Westbrook
[10] gave the first randomized O(1)-competitive algorithms against oblivious and
adaptive adversaries. This result was improved for some network topologies like
trees or uniform graphs by Chrobak et al. [7]. The first constant competitive
deterministic algorithm was Move-To-Min given by Awerbuch, Bartal and Fiat
in [1] and the competitive ratio was subsequently improved by Bartal, Charikar
and Indyk [2].

Bienkowski, Korzeniowski and Meyer auf der Heide [4] defined the DPM
model. Their randomized algorithm ALGDIST achieved a competitive ratio of
O(min{n·

√
D,D, λ}) against an adaptive-online adversary. This ratio was proven

to be up to a constant factor optimal. They also gave two trivial deterministic
algorithms achieving competitive ratios of O(D) and O(λ), respectively. Finally,
they proved that the competitive ratio of any randomized algorithm against an
oblivious adversary is at least Ω(min{

√
D,λ}).

The deterministic and randomized algorithms presented in this paper use
the marking technique, which bears a resemblance to the Least Recently Used

4 In literature, this notion is sometimes referred to as strict competitiveness.



(LRU) paging algorithm by Sleator and Tarjan [9] and randomized MARK pag-
ing algorithm by Fiat et al. [8], respectively.

Contribution of the Paper. In this paper we improve and extend the results
of [4]. In Sect. 3 we give a first deterministic algorithm, MARK, for the DPM
problem. Our algorithm achieves the competitive ratio of O(n ·

√
D). It can be

combined with two trivial algorithms from [4], yielding an O(min{n·
√

D,D, λ})-
competitive algorithm. The constants hidden in O notation are moderate; in fact
they are much better that the constants from the proof of competitiveness of
ALGDIST in [4].

In Sect. 4 we randomize MARK and get an algorithm R-MARK which is
O(
√

D · log n)-competitive against an oblivious adversary. Again, it can be com-
bined with O(D) and O(λ)-competitive algorithms, resulting in an O(min{

√
D ·

log n, D, λ})-competitive algorithm. In Sect. 5 we prove that this ratio is almost
optimal by showing that the lower bound on competitiveness of any randomized
algorithm against an oblivious adversary is Ω(min{

√
D · log n, D2/3, λ}).

2 Preliminaries

In this paper we consider only 1
2 -restricted adversaries. This assures that the dis-

tance between any two nodes can change only by 1 per time step. The presented
proofs can be extended to any constant-restricted adversary with the Reduction
Lemma proven in the appendix.

Lemma 1 (Reduction Lemma). Assume that there exists a k-competitive
(possibly randomized) algorithm ALGA against an A-restricted adversary. Then
ALGA is k-competitive against a B-restricted adversary for B ≤ A. Additionally,
for any B ≥ A there exists a (randomized) algorithm ALGB which is B

A · k-
competitive against a B-restricted adversary.

Throughout this paper we will use the following notation. OPT denotes the opti-
mal offline algorithm. If ALG is any algorithm and S any sequence of consecutive
time steps, then by CALG(S) we denote the cost of the algorithm ALG on S.
In particular, COPT(S) is the cost of the optimal algorithm on sequence S. By
Creq

ALG(S) we denote the cost of serving requests by ALG, i.e. not counting the
cost of page movements in S.

In the proof of competitiveness of any algorithm ALG we will follow the
following scheme. We take any input sequence (Ct, σt), and we run ALG and
OPT “in parallel” on this sequence. By PALG(t) and POPT(t) we denote the
node holding ALG’s and OPT’s pages, respectively, in the t-th time step. At
each step we will be able to compare the cost paid so far, respectively by ALG
and by OPT.

Jump Sets. Before we construct and analyze our algorithms for DPM problem,
we prove a useful property of the costs incurred during the runtime. We assume
that

√
D is an integer, and we consider any sequence I of K =

√
D steps,

numbered from 1 to K. We call sequences of such lengths intervals. Let σi be



the node which issues a request in the i-th step of I and di(·), ci(·) be the distance
and cost functions in the i-th step.

Definition 2. A gravity center for I is a vertex v which minimizes the sum∑K
i=1 cK(v, σi). If there is more than one such vertex, then the gravity center is

the one labelled with the smallest index.5

Definition 3. Let I be any interval (of length K) and let vmin be its gravity
center. Then a jump set G(I) consists of all the nodes whose K-th step distance
to vmin is not greater than 9 ·

√
D, i.e. G(I) := {v ∈ V : dK(v, vmin) ≤ 9 ·

√
D}.

Intuitively, the gravity center and the jump set try to approximate a “good”
position to place a page in the last I steps. This intuition is formalized in the
following lemma.

Lemma 2. Consider any interval I of K requests and corresponding jump set
G(I) with gravity center at vmin. Consider any algorithm ALG which at the end
of the K-th step is in a node PALG /∈ G(I). Then CALG(I) ≥ D/4.

Proof. If algorithm ALG moved its page in interval I, then its cost is at least D
and the Lemma follows trivially. Otherwise, the algorithm remained at PALG for
the whole interval. Let R := dK(vmin, PALG). Since PALG /∈ G(I), R > 9

√
D. By

Γ we denote the set of requests issued in interval I at nodes whose K-th step
distance to PALG is at most 2

√
D. The situation at the step K is depicted in

Fig. 1. Note that Γ is the set of requests and therefore the multiset of nodes.
First, we prove that |Γ | ≤ 3

4 ·K. Assume the contrary, i.e. that |Γ | > 3
4 ·K.

Using the triangle inequality we obtain the following bound

K∑
i=1

dK(PALG, σi) =
∑

σi∈Γ

dK(PALG, σi) +
∑

σi /∈Γ

dK(PALG, σi)

≤ K · 2
√

D +
∑

σi /∈Γ

(dK(PALG, vmin) + dK(vmin, σi))

< 2D +
1
4
·K ·R +

∑
σi /∈Γ

dK(vmin, σi) .

In turn, the K-th step distance between vmin and any node from Γ is at least
R− 2

√
D. Therefore,

K∑
i=1

dK(vmin, σi) =
∑

σi∈Γ

dK(vmin, σi) +
∑

σi /∈Γ

dK(vmin, σi)

>
3
4
·K · (R− 2

√
D) +

∑
σi /∈Γ

dK(vmin, σi) .

5 We could apply any tie breaking method here.
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Fig. 1. Jump set G(I)

Since R ≥ 9
√

D, we combine the bounds above and get
∑K

i=1 dK(PALG, σi)+D <∑K
i=1 dK(vmin, σi). Therefore

∑K
i=1 cK(PALG, σi) ≤

∑K
i=1(1 + dK(PALG, σi)) <∑K

i=1 dK(vmin, σi) ≤
∑K

i=1 cK(vmin, σi), which contradicts that vmin is a gravity
center.

Since |Γ | ≤ 3
4 ·K, at least 1

4 ·K of the requests were issued “far away” from
PALG. Precisely, since during K steps each distance can be changed at most by
an additive term of K, each of these requests was issued at the distance of at
least 2

√
D−K ≥

√
D from PALG. Therefore, CALG(I) ≥ 1

4 ·K ·
√

D = D/4. ut

3 A Deterministic Algorithm

In this section we construct and analyze a deterministic algorithm MARK.
MARK divides the requests into intervals of length K. In each interval MARK
remains at one node and serves all the requests issued. Then, at the end of the
interval, it makes its decision, whether and where to move the page.

Intervals are grouped in epochs; the first epoch starting with the beginning
of the input sequence. MARK begins each epoch without any nodes marked.
Subsequently, for each node v we measure the cost incurred by requests issued
so far in the current epoch E , on the algorithm which remains in v and never
moves. We denote this amount by Creq

v (E) and when it reaches D/4, then node
v becomes marked.

MARK waits in one node, denoted PMARK for one or more intervals, and
moves at the end of an interval in which PMARK becomes marked. When MARK
wants to move, it computes a jump set G on the basis of the last interval and
moves to v∗, an arbitrarily chosen node from the not yet marked nodes of G. If
there is no unmarked node in G, then prior to choosing v∗ the algorithm erases
the marks on all the nodes and a new epoch begins.

The pseudocode of MARK is presented in Fig. 2. The algorithm is initialized
by setting E = ∅ and unmarking all the nodes.

Theorem 1. MARK achieves competitive ratio of O(n ·
√

D) for DPM problem.



Serve requests in interval I
E := E ∪ I
for each v ∈ V

if Creq
v (E) ≥ D/4 then mark v

if PMARK is marked then
G := G(I)
if all nodes in G are marked then

unmark all nodes from V
E = ∅

Choose any not marked node v∗ from G
Move the page to v∗

Fig. 2. Algorithm MARK for one interval I

Proof. To make the proof concise, we introduce a notion of a phase. A phase is a
sequence of consecutive intervals in which MARK remains at one node. In other
words MARK’s page movement divides each epoch into a sequence of phases.
Lemma 2 implies that after any phase P = (I1, . . . , Ip) for all the nodes v outside
G(Ip) holds Creq

v (P) ≥ Creq
v (Ip) ≥ D/4. Thus, these nodes are already marked,

and, in fact, at the end of P the algorithm chooses an arbitrary node v∗ from
not yet marked nodes.

As an immediate consequence we get the following two properties. First,
each epoch ends exactly when all the nodes are marked. Therefore, although the
division into phases depends on the choices of the algorithm, the division into
epochs depends only on the input sequence. Second, since each epoch begins
with no node marked, and in each phase at least one node becomes marked,
each epoch consists of at most n phases.

For the proof we use amortized analysis and define a potential function Φt

in time step t. Φt = 2 ·D ·Lt, where Lt is the t-th step distance between PMARK

and POPT.
If S is some sequence of ` steps, numbered from 1 to `, then by Φ0 we denote

the potential just before this sequence and we define ∆Φ(S) as the difference
between the potential after and before phase S, i.e. ∆Φ(S) := Φ` − Φ0. Since in
the beginning of the runtime Φ0 = 0 and Φt is non negative in every time step t, it
is sufficient to prove that for any input sequence S, it holds CMARK(S)+∆Φ(S) ≤
O(n ·

√
D) · COPT(S).

First, we prove a bound on the cost of MARK in one phase.

Lemma 3. In each phase P of the algorithm MARK, the amortized cost of the
algorithm CMARK(P)+∆Φ(P) is not greater than O(

√
D)·COPT(P)+O(D·

√
D).

Proof. In this proof we often use the triangle inequality, the inequality ct(x, y) ≤
1 + dt(x, y), and the fact that the adversary is 1/2-restricted and therefore the
distance between two nodes can change by at most K in one interval.



We assume that P consists of p intervals I1, I2, . . . , Ip and that the algorithm
has its page in PMARK throughout the whole phase P. First, we bound the amor-
tized cost in the intervals (I1, I2, . . . , Ip−1). The algorithm does not move within
these intervals, thus the total cost of serving requests is at most D/4, because
otherwise PMARK would become marked and the phase would be finished earlier.
Therefore, CMARK(I1, . . . , Ip−1) = Creq

MARK(I1, . . . , Ip−1) < D/4. For bounding
the change of the potential in these intervals we use the following lemma, which
is proven in the appendix.

Lemma 4. If the algorithm MARK remains in the same node for a sequence of
requests S and Creq

ALG(S) ≤ D, then ∆Φ(S) ≤ O(
√

D) · COPT(S) +O(D ·
√

D)

In consequence, ∆Φ(I1, . . . , Ip−1) ≤ O(
√

D) · COPT(I1, . . . , Ip−1) + O(D ·
√

D)
and it is sufficient to bound the amortized cost in the interval Ip.

In the remaining part of the proof of Lemma 3 we use some ideas from the
the proof of 7-competitiveness of Move-To-Min algorithm [1]. However, we have
to take into account the movement of the nodes and shorter interval lengths.

We number the time steps within Ip from 1 to K. Let v∗ be the new
node chosen after phase P. We have cK(PMARK, v∗) ≤ 1 + dK(PMARK, vmin) +
dK(vmin, v∗). Since v∗ ∈ G(Ip), dK(vmin, v∗) ≤ 9

√
D, and therefore CMARK(Ip) =

Creq
MARK(Ip)+D·cK(PMARK, v∗) ≤ Creq

MARK(Ip)+D·dK(PMARK, vmin)+O(D·
√

D).
By ai−1 and ai we denote the position of OPT, respectively at the beginning

and at the end of the i-th step. Therefore, the optimal algorithm’s cost in interval
Ip is equal to COPT(Ip) =

∑K
i=1 (ci(ai−1, σi) + D · ci(ai−1, ai)) We need two

technical lemmas which are proven in the appendix.

Lemma 5. Let Xt =
∑K

i=1 di(at, σi) be the cost of serving all the requests from
node at. Then for all 0 ≤ t ≤ K it holds Xt ≤ COPT(Ip) + D.

Lemma 6. Let Yt = D · dK(at, vmin). Then for all 0 ≤ t ≤ K it holds Yt ≤
O(
√

D) · COPT(Ip) +O(D ·
√

D).

We need to bound the amortized cost of MARK in the interval Ip; this cost
is equal to Creq

MARK(Ip) + D · dK(PMARK, vmin) + O(D ·
√

D) + ΦK − Φ0. The
summands can be bounded as described below. The same bounds can be applied
to any sequence of at most K steps.

Creq
MARK(Ip) =

K∑
i=1

ci(PMARK, σi) ≤
K∑

i=1

(1 + di(PMARK, a0) + di(a0, σi))

≤ K +
K∑

i=1

(K + d0(PALG, a0)) + X0

≤ Φ0/2 + COPT(Ip) +O(D)

(1)



ΦK + D·dK(PMARK, vmin)
≤ 2 ·D · dK(v∗, aK) + D · dK(PMARK, a0) + D · dK(a0, vmin)

≤ 2 · YK +O(D ·
√

D) + D · (d0(PMARK, a0) + K) + Y0

≤ O(
√

D) · COPT(Ip) + Φ0/2 +O(D ·
√

D)

(2)

Thus, the amortized cost in the interval Ip is bounded by O(
√

D) · COPT(Ip) +
O(D ·

√
D), which finishes the proof of Lemma 3. ut

Closely observing the proof of Lemma 3, we can show that the cost of serving
requests in a phase which is not yet finished, can be either paid from the potential
or is amortized against the cost of the optimal algorithm in this phase.

Lemma 7. Let P ′ be the first ` steps of phase P of algorithm MARK. Then
CMARK(P ′) ≤ ΦB +O(

√
D) ·COPT(P ′) +O(D ·

√
D), where ΦB is the potential

at the beginning of the phase P.

Proof. We divide the phase into p intervals, i.e. P ′ = (I1, I2, . . . , Ip), where the
last interval possibly has less than K steps. Let Φ0 be the potential at the
beginning of Ip. From the proof of Lemma 3 follows that CMARK(I1, . . . , Ip−1)+
Φ0 ≤ ΦB +O(

√
D) · COPT(I1, . . . , Ip−1) +O(D ·

√
D). Therefore, it is sufficient

to show that CMARK(Ip) ≤ Φ0 + COPT(Ip) +O(D ·
√

D). This follows from (1)
in the proof of Lemma 3. ut

As shown in Lemmas 3 and 7 we would be able to prove good bounds for each
phase if we could neglect the additive term of O(D ·

√
D). Thus, we have to find

some additional lower bounds on the cost of the optimal algorithm. We can do
this by using a property of our marking scheme.

Lemma 8. The cost of OPT in any finished E is at least Ω(D). Moreover,
OPT’s cost in the first epoch E1 (even if it is unfinished) is either CMARK(E1)
or at least Ω(D).

Proof. First, we consider a finished epoch E . If OPT moves its page within E ,
then its cost is at least D. Otherwise, OPT remains at one node POPT, which
becomes marked at some point of the epoch. Therefore, it must have paid a cost
of at least Creq

POPT
≥ D/4 in this epoch.

Second, we consider E1. If OPT moves within E1, then it pays at least D.
Otherwise, it remains in v0 for the whole E1 and we have two cases. If E1 consists
of one unfinished phase only, then COPT(E1) = Creq

v0
(E1) = CMARK(E1). Other-

wise, let P1 be the first (finished) phase of E1. Since v0 becomes marked at the
end of P1, COPT(E1) ≥ COPT(P1) ≥ Creq

v0
≥ D/4.

Therefore, for any sequence S consisting of k epochs, where the last epoch is
possibly unfinished, either COPT(S) = CMARK(S) or COPT(S) ≥ Ω(k · D). In



the latter case, we combine the result with Lemmas 3 and 7 obtaining

CMARK(S) ≤ O(
√

D) · COPT(S) + k · n · O(D ·
√

D)

≤ O(
√

D) · COPT(S) +O(n ·
√

D) · COPT(S) ,

which finishes the proof of Thm. 1. ut

In [4] two simple deterministic algorithms attaining competitive ratios of O(D)
and O(λ), respectively, were presented. From the analysis of their potential func-
tions follows that it is possible to combine them with MARK in one algorithm
which achieves the competitive ratio of O(min{n ·

√
D,D, λ}). We omit the de-

tails here.
This result is up to a constant factor optimal, since the Ω(min{n ·

√
D,D, λ})

lower bound for a randomized algorithm against an adaptive-online adversary
presented in [4] applies also to the deterministic case (see [3] for comparison of
the power of different adversaries).

4 Randomization against an Oblivious Adversary

In this section we show a direct randomization of MARK which yields an algo-
rithm R-MARK. In the formulation of the algorithm, instead of choosing v∗ in
deterministic fashion from not yet marked nodes of G (see Fig. 2), we choose v∗

uniformly at random from not yet marked nodes of G.

Theorem 2. R-MARK is O(
√

D · log n)-competitive against an oblivious adver-
sary.

Proof. For the analysis we use the same potential function Φ as for MARK.
Since Lemmas 3 and 7 hold for any choice of v∗ from not yet marked nodes of G,
they hold also in the case when v∗ is chosen randomly. Therefore, for any finished
phase P it holds CR-MARK(P)+∆Φ(P) ≤ O(

√
D)·COPT(P)+O(D·

√
D). Similar

result holds for an unfinished phase (see Lemma 7). However, for the algorithm
R-MARK we can have a bound better than n (at least on expectation) for the
number of phases in an epoch.

Lemma 9. For any epoch E, the expected number of phases in this epoch is
O(log n). The expectation is taken over all possible random choices of R-MARK.

Proof. Analogously to the proof of Thm. 1 we can forget about the set G and
assume that R-MARK chooses v∗ uniformly at random from all not yet marked
nodes.

Let {bi}n
i=1 be the nodes in the order they are becoming marked in epoch

E . Assume that in a phase P the algorithm is in a node bk. Then at the end of
phase P it chooses a new node v∗ uniformly at random from n − k nodes i.e.
from the set B+

k := {bi : k + 1 ≤ i ≤ n}. Actually, it might happen that some
of nodes from B+

k were also marked at the end of phase P, in which case the
algorithm has even fewer than n− k nodes to choose randomly from.



At the beginning of each epoch, except from the first one, the algorithm
also chooses a place uniformly at random from the whole set V . Let Ti be the
expected number of phases, provided that i nodes are still unmarked. We have
a recursive formula

T0 = 0, Tk = 1 +
k−1∑
i=0

1
k
· Ti ,

where the second equality follows from the linearity of expected value. It can
be proven by induction that Ti = Hi, the i-th harmonic number. In fact, the
expected number of phases can be even smaller if some nodes get marked con-
currently and R-MARK has fewer nodes to choose from. Tn is the bound on the
expected number of phases in each epoch except the first one, because the very
first node is not chosen randomly. However, this incurs at most one additional
phase after which we have our random process. Therefore, the expected number
of phases in any epoch is at most Tn + 1 = Hn + 1 = O(log n). ut

Since Lemma 8 does not depend on the way of choosing v∗, either, as long
it is chosen from the not yet marked nodes, we have that for any sequence S
consisting of k epochs we have

E[CR-MARK(S)] ≤ O(
√

D) · COPT(S) + k · O(log n) · O(D ·
√

D)

≤ O(
√

D) · COPT(S) +O(log n ·
√

D) · COPT(S) .

This finishes the proof of Thm. 2. ut

It is also possible to combine R-MARK with O(D) and O(λ)-competitive al-
gorithms obtaining an algorithm which is O(min{

√
D · log n, D, λ})-competitive

against an oblivious adversary. We omit the details.

5 Lower Bound against an Oblivious Adversary

In this section we show that no online algorithm can achieve a competitive ra-
tio better than Ω(min{

√
D · log n, D2/3, λ}). This improves an Ω(min{

√
D,λ})

lower bound result from [4]. We present two theorems which, combined, imme-
diately give the result.

Theorem 3. If D ≥ log3 n, then no randomized algorithm can achieve better
competitive ratio against an oblivious adversary than Ω(min{

√
D · log n, λ}.

Theorem 4. If D ≤ log3 n, then no randomized algorithm can achieve better
competitive ratio against an oblivious adversary than Ω(min{D2/3, λ}.
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Fig. 3. Lower bound: The i-th phase of an epoch

Proof (of Thm. 3). We construct a probability distribution over inputs and prove
that no deterministic algorithm, which knows this distribution, can have a com-
petitive ratio better than Ω(min{

√
D · log n, λ}). Then one can apply Yao min-

max theorem [11, 6] and Thm. 3 follows immediately.
We assume that n is a power of 2. If it is not the case, then the adversary can

give requests only in the first 2blog nc nodes and put the other nodes exactly in
the same point of space X as v0. Then, for any algorithm ALG, that uses these
additional nodes, there exists an algorithm ALG′ which uses v0 instead and has
cost at most as large as ALG. We can also assume that λ ≥

√
D. Otherwise we

could use the proof from [4] and obtain the lower bound of Ω(λ).
We number all nodes from 0 to n− 1. In the following we identify the nodes

with their numbers. For all 1 ≤ i ≤ log n, let V 0
i be the set of all the node

numbers whose bit representation has i-th bit set to 0. V 1
i is the set of all

remaining nodes, i.e. the ones whose bit representation has the i-th bit set to 1.
Let Bmain = D/ log n, Bexp = min{

√
D · log n, λ}, and Bfix =

√
D/ log n.

We divide time into epochs, each epoch containing log n phases, each of length
Bmain + 2 ·Bexp. In the i-th phase we divide the set V into two sets V 0

i and V 1
i .

All the nodes from set V 0
i occupy a certain point in space X ; the same holds for

nodes from V 1
i . Therefore, in step t of phase i, the distance between the sets V 0

i

and V 1
i is well defined and we call it Ri(t).

First, we describe the movement of nodes in the i-th phase. The situation
is depicted in Fig. 3. Each phase consists of an expanding part, which lasts for
Bexp steps, in which the sets V 0

i and V 1
i are moved apart, a main part, lasting

for Bmain steps, and a contracting part also of length Bexp, in which the sets V 0
i

and V 1
i are brought closer. In the j-th step of the expanding part Ri is set to

j − 1. In all the steps of the main part the distance between sets V 0
i and V 1

i

is exactly Bexp. Finally, in the j-th step of the contracting part, Ri is equal to
Bexp − j.

The first Bfix requests in the expanding part of a phase and the last Bfix

requests in the contracting part are given always at the node v0. We call these
requests easy. The requests in the remaining steps of a phase are given in one
node — with probability 1/2 all are given at v0 (belonging to V 0

i ), and with
probability 1/2 all are given at node v2i−1 (belonging to V 1

i ). We call these



requests hard, and we call the set, whose node issued these requests, a requesting
set. Note that the main part is a (usually proper) subset of a sequence containing
all the hard requests.

Consider any randomly generated log n phases of epoch E . There exists a
node v+ (exactly one) which is in the requesting set for all the phases. As its
distance to hard requests in each phase is 0, the cost incurred is at most 1 per
request, which sums up to log n · (Bmain +2 ·Bexp) = O(D) in total. The optimal
algorithm could move to v+ at the beginning of the epoch, paying D. Finally,
the cost incurred by easy requests is at most 2 ·

∑Bfix
j=1 j = O(D/ log n) in each

phase which accounts for O(D) for all requests in epoch E .
On the other hand, for all i, when hard requests start in the i-th phase, any

deterministic algorithm ALG has its page in the “wrong” set with probability
1/2. At this point Ri(t) = Bfix. If ALG moves its page to the other set within
the hard requests, it pays at least D · Bfix. Otherwise, it has to pay Bexp for
serving each of Bmain hard requests in the main part of a phase. Therefore, from
the linearity of expectation follows that the expected cost of ALG in the whole
epoch E is

E[CALG(E)] = log n · min{D ·Bfix, Bexp ·Bmain}
2

= Ω(min{Dλ,D
√

D log n}) .

Thus, in any epoch the competitive ratio is at least Ω(min{λ,
√

D · log n}). We
can generate an arbitrary number of epochs and the bound on ratio still holds.
Therefore, the theorem follows. ut

Proof (of Thm. 4). The proof is almost identical to the proof of Thm. 3, but
we use different values of Bmain, Bexp and Bfix. Let Bmain = D2/3, Bexp =
min{D2/3, λ}, and Bfix = 3

√
D. We construct epochs as in Thm. 3, but now

each epoch consists only of 3
√

D ≤ log n phases. It can be easily checked that in
each epoch the optimal algorithm can pay at most O(D), and any deterministic
algorithm has to pay in expectation Ω(min{D5/3, D ·λ}). Thus, the competitive
ratio is at least Ω(min{D2/3, λ}). ut
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A Appendix

Proof (of Reduction Lemma). If B ≤ A, then ALGA is k-competitive against a
B-restricted adversary, since it was k-competitive against a stronger A-restricted
adversary.

If B ≥ A, let (σt, Ct) be the input sequence for ALGB . ALGB will simulate
the behavior of ALGA on the sequence (σt, C

′
t) and repeat ALGA’s choices on the

(σt, Ct). C ′
t denotes the configuration Ct with all the original distances divided

by B/A. We have

CALGB
(σt, Ct) ≤

B

A
·CALGA

(σt, C
′
t) ≤

B

A
·k·COPT(σt, C

′
t) ≤

B

A
·k·COPT(σt, Ct) ,

and thus ALGB is B
A · k-competitive. For the proof for randomized algorithms

we can replace the algorithm’s cost by its expected value. ut

Proof (of Lemma 4). Let ` = |S| and assume that during the sequence S the
optimal algorithm moved its page at the total distance of J .

Since Creq
MARK(S) =

∑`
i=1 ci(PMARK, σi) ≤ D, the total sum of distances to

requests is even smaller, i.e.
∑`

i=1 di(PMARK, σi) ≤ D. We call a request close
if it was issued at the distance at most

√
D from PMARK. Otherwise, we call a

request far. Clearly, at most
√

D requests were far.
The intuition behind this proof is as follows. If the potential at the end of the

sequence S is large, then OPT’s page is far away from MARK’s page. We show
that even considering the possible changes in the network and possible move-
ments of OPT’s page, there are sufficiently many steps i in which the distance
Li ≥ 2

√
D. In such steps the close requests are at the distance of at least

√
D

from POPT.



Formally, the distance between MARK’s and OPT’s pages can increase only
due to the adversarial changes to the network, in which case Li+1 − Li ≤ 1 or
due to the jump of OPT. Therefore in any k steps of S this distance can change
by at most k + J .

If the final distance L` is small, i.e. L` ≤ J + 2 ·
√

D, then the change in
the potential is not greater than ∆Φ(S) ≤ 2 ·D · L` ≤ 2 ·D · J +O(D ·

√
D) ≤

2 · COPT(S) +O(D ·
√

D). Otherwise, we consider two cases.

1. L` ≤ `+J +2 ·
√

D. In this case, we can show that in the last L`−J−2 ·
√

D
steps Li ≥ 2 ·

√
D. Assume, on the contrary, that there exists `− (L` − J −

2 ·
√

D) < i ≤ `, such that Li < 2 ·
√

D. Then it follows from the observation
above that L` ≤ Li + (L` − J − 2 ·

√
D) + J < L` which is a contradiction.

2. L` ≥ ` + J + 2 ·
√

D. In the same way we can prove that for all steps i in
sequence S, Li ≥ 2 ·

√
D.

In either case there are at least min{`, L`−J −2 ·
√

D} =: α steps in which Li is
at least 2 ·

√
D. At least α−

√
D ≥ min{`, L`}− J − 3

√
D of these steps contain

a close request. In each such step the cost of OPT is at least
√

D and therefore
COPT(S) ≥

√
D · (min{`, L`} − J − 3

√
D). Thus,

∆Φ(S) ≤ 2 ·D ·min{`, L`}

= 2 ·D ·
(
min{`, L`} − J − 3

√
D

)
+ 2 ·D · J + 6 ·D ·

√
D

≤ 2 ·
√

D · COPT(S) + 2 · COPT(S) +O(D
√

D) ,

which completes the proof of Lemma 4. ut

Proof (of Lemma 5). Let dmin be the distance function defined as

dmin(vx, vy) := min
1≤i≤K

di(vx, vy) .

we have Xt =
∑K

i=1 di(at, σi) ≤
∑K

i=1 di(ai−1, σi) +
∑K

i=1 di(at, ai−1). The sec-
ond summand can be bounded as follows.

K∑
i=1

di(at, ai−1) ≤
K∑

i=1

(K + dmin(at, ai−1))

≤ D +
K∑

i=1

 K∑
j=1

dmin(aj−1, aj)


≤ D +

√
D ·

K∑
j=1

dj(aj−1, aj)

Thus, Xt ≤ COPT(Ip) + D, which finishes the proof of Lemma 5. ut



Proof (of Lemma 6). We have

Yt = D · dK(at, vmin) =
√

D ·
K∑

i=1

dK(at, vmin)

≤
√

D ·
K∑

i=1

(dK(at, σi) + dK(vmin, σi)) .

Since vmin is a gravity center,
∑K

i=1 cK(vmin, σi) ≤
∑K

i=1 cK(at, σi), which in
turn implies

∑K
i=1 dK(vmin, σi) ≤ K +

∑K
i=1 dK(at, σi). Therefore,

Yt ≤ 2
√

D ·
K∑

i=1

dK(at, σi) + D ≤ 2
√

D ·
K∑

i=1

(K + di(at, σi)) + D

≤ O(
√

D) ·Xt +O(D ·
√

D) ≤ O(
√

D) · COPT(Ip) +O(D ·
√

D) .

ut


