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ABSTRACT

The page migration problem is one of subproblems of data
management in networks. It occurs in a distributed network
of processors sharing one indivisible memory page of size D.
During runtime, the processors access a unit of data from
the page, and the system is allowed to migrate the page
between the processors. The problem is to compute (on-
line) a schedule of page movements to minimize the total
communication cost.

The Dynamic Page Migration problem is an extension to
the page migration. It attempts to model the network dy-
namics, occurring, for example, in mobile networks. How-
ever, the pace of changes is restricted, i.e. the distances be-
tween processors can change only by a constant per round.
The movement of the nodes induce changes in the commu-
nication cost between each pair of nodes, which is propor-
tional to the distance between them raised to some power
«. This is typical for mobile wireless networks, where nodes
can move with a constant speed, and the cost of communi-
cation is measured in terms of energy used for sending the
data. Thus, by setting a equal to the propagation exponent
of the medium, cost minimization becomes minimizing the
total energy consumption in the system.

However, as proven in [7], if both network mobility and
request sequence are created by an adversary, then the com-
petitive ratio is polynomially large in D and in the number
of the nodes. In our search for a reasonable, close-to-reality
model, in this paper we consider a scenario in which the
network mobility is adversarial, but the requests are gen-
erated randomly by a stochastic process. We design an al-
gorithm MTFR for this scenario, and prove that it is O(1)-
competitive, on expectation and with high probability.
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1. INTRODUCTION

The page migration problem [1, 3, 9, 11, 14, 18] arises in
a distributed network of processors which share some global
memory. Shared variables or memory pages are stored at
the local memory of these processors. In the page migration
problem we restrict our attention to one indivisible mem-
ory page stored at some processor. If a processor wants to
access (read or write) a single unit of data from the page,
and the page is not stored in its local memory, it has to
send a request to the processor holding the page copy and
appropriate data is sent back. To avoid the problem of main-
taining consistency among multiple copies of the page, the
model allows only one copy of the page to be stored in the
network. However, to reduce the communication costs, the
system may migrate the page to a new processor. The prob-
lem is to decide, online, when and where to move the page
to minimize the total cost of communication.

The processors are modelled as nodes with some positions
in a metric space (X,d). This induces a complete graph of
all nodes, with the distances given by the metric d. The sin-
gle copy of the memory page is of size D and is stored at one
of the processors. The cost of accessing a single unit of data
from the page stored at a remote processor is a function of
the distance between the accessing processor and the pro-
cessor holding the page. On the other hand, migrating the
page between two processors incurs a cost which is equal to
the cost of sending one unit of data times D, the size of the
page. The problem is considered in online setting where ac-
cess requests are dictated by a request adversary and come
up online. The performance of an (online) algorithm is mea-
sured by competitive analysis [17], i.e. by comparing its total



cost to the total cost of the optimal offline algorithm on the
same requests of inputs.

The Dynamic Page Migration (DPM) problem [5, 6, 7, 8]
is an extension to this model where an additional network
adversary can change the positions of the nodes during the
runtime of the algorithm. This is typical in mobile wireless
networks, and also tries to capture the dynamics of the wired
ones. Obviously, the movement changes the distances and
corresponding costs of sending data between the processors.
The DPM model imposes a basic restriction on the network
adversary, i.e. the speed of the network changes has to be
bounded. In each round, a new position of each node has to
be chosen within a ball of a constant diameter centered at
its previous position.

Whereas the cost function in standard models of page mi-
gration is equal to the distance between two processors, in
DPM the cost of accessing one unit of data is defined to
be the distance, raised to an integer power «, between the
requesting node and the node holding the page, plus a con-
stant overhead for communication. First we explain why we
introduced the overhead. In essence, it represents the fact
that there are no zero-cost communications, even if nodes
are very close. Moreover, without this overhead in the defi-
nition of the cost, no online algorithm is able achieve a finite
competitive ratio. The explanation for « is the following. If
we choose « to be the propagation exponent [16] (for exam-
ple 2 for an ideally free space), then the communication cost
between two nodes is proportional to the energy required to
send a message. Thus, in this case the problem is to mini-
mize the total energy consumption in the system, consisting
of mobile stations moving with a constant speed.

It appears (see [5, 7]) that without further restrictions
on the adversaries, the competitive ratio of the problem is
polynomially large in size of the page and in number of the
nodes. The results were obtained for the case a = 1, but
it can be shown that for larger o the competitive ratios
are even higher. Therefore, another scenario, in which the
network adversary was replaced by a stochastic process, was
analyzed in [7] and further extended in [6]. It turns out
that when the requests are given by the adversary, but the
mobility of the nodes in some specific metric space is induced
by a random walk of the nodes, then (with high probability)
the competitive ratio of the problem can be substantially
lowered.

In this paper we consider a DPM scenario, opposite to the
one described above. In this scenario, the network adversary
can dictate the changes of the network in any way, as long
as it obeys the basic restriction, and we replace the request
adversary by a random process. In each step the proces-
sor issuing the request is chosen independently at random,
according to some fixed probability distribution. This is a
natural situation if we know that the mobile nodes’ accesses
to the page appear periodically with some given frequencies.

1.1 Our moded

Following [7], we define the DPM problem as follows. The
network is modeled as a set of n nodes (processors) num-
bered from vi to v, placed in some metric space (X,d).
The distances between two nodes v, and v, in time step ¢
are denoted by d¢(vz,vy) and are determined by the metric
d. However, we extend the notion of the distance between
two nodes in the following way. If v, and v, are the same
node, then we denote it by v, = v, and we denote the dis-

tance between them by Og. Note that this is different from
the case when they just occupy the same point in the space,
in which case we write v, = vy and d(ve, vy) = 0.

We assume discrete time steps ¢t = 1,2, .... An input con-
sists of a configuration sequence (C¢) and a request sequence
(o¢). Ct, called a configuration in time step t, is a tuple de-
scribing the positions of all nodes in time step t; o+ denotes
the single node that issues a request at time ¢. In this paper
we consider a stochastic requests scenario, in which (C:) is
generated by a network adversary, and o is generated by
a random process. The basic restriction mentioned in the
previous subsection is formalized as follows.

DEFINITION 1. A A-restricted network adversary is an
adversary which is allowed to choose a new position of each
node within a ball with radius A, centered at the previous
position of this node.

For the A-restricted network adversary and any node v, its
positions z; and x:41 in two consecutive configurations C
and Cy1 cannot be too far apart, i.e. d(ze¢, ze41) < A.

Any two nodes are able to communicate directly with each
other. The cost of sending a unit of data from node v, to
node vy at time step t is defined by a cost function ¢t (v, vy)
as follows. If vy = vy then ct(vg,vy) = 0. Otherwise,

ct(vz, vy) = [di(ve,vy)]* + 1, (1)

where o > 1 is a fixed integer. We have one shared, indivis-
ible memory page of size D, initially stored at the node v;.
The cost of moving the whole page from v, to v, in time
step t is equal to D - ct(vg, vy).

Formally, we construct the stochastic requests scenario of
the DPM problem as follows. First, the whole configura-
tion sequence (C:), including the initial configuration Cfi,
is created by the A-restricted network adversary, for some
constant A. The request adversary chooses the probability
distribution over all indices of the nodes 7 : {1,...,n} —
(0,1)." Then, in time step ¢ > 1 the following happens.

1. The positions of the nodes in this time step are defined
by Ct.

2. A request is generated randomly, i.e. o is chosen ran-
domly according to the distribution 7© and node vs,
issues a request. For clarity, we sometimes abuse the
notation and write node o instead of node vy, .

3. Let ParLc(t) be the node at which algorithm ALG has
its page. ALG has to pay ct(Parc(t),o+) for serving
the request.

4. Arc chooses, optionally, a new position PAyq(t) and
moves its page to Pirg(t). Such a transaction incurs
a cost D - ci(Parc(t), Para(t)).

Sometimes, we will abuse the notation by writing that an al-
gorithm is at v; or moves to v;, meaning that this algorithm
has its page at v; or moves its page to v;, respectively.

We focus on the online version of the problem, i.e. the
algorithm has to base its decision what to do in step ¢ solely
on the initial parts of the two input sequences up to step
t, i.e. on the sequence Ci,01,C2,02,...,Ct,0.. We want to

"'With a little technical difficulty, we could extend the proof
of Theorem 2 to handle distributions 7 : {1,...,n} — [0, 1].



emphasize that the network adversary is oblivious and cre-
ates its sequence knowing the deterministic algorithm but
not the request sequence (o¢).

In order to analyze the performance in the stochastic re-
quest scenarios we follow [7], and adapt classical competitive
analysis [17, 10] for the model where the input sequence is
created both by the adversary and the stochastic process.
We say that the algorithm ALG achieves competitive ratio
R (or is R-competitive) with probability p, if there exists
an integer Tmin, s.t. for all configuration sequences (C¢) of
length T' > Thin and all probability distributions m, it holds

Pr(,,) | Carc(Ci,00) <R - Copr(Ciy00) | 2p

where Carc(Ce,0+) and Copr(Cy, 0t) are costs of ALG and
the optimal offline algorithm, respectively. The probability
is taken over all possible random choices made for generating
(o+) sequence. Similarly, we say that an algorithm achieves
expected competitive ratio of R (or is R-competitive on ex-
pectation), if there exists an integer Tmin, s.t. for all se-
quences (C¢) of length T' > Tmin and all , it holds

Carc(Ce,0v)
ZALGUOL Tt | <R
B |:COPT(Ct7Ut) SR

To be consistent with the previous definition, we assume
that if Cavrc(Ci,00) = Copr(Ci,00) = 0, then the ra-
tio is 1. However, we do not permit situations where
Cop1(Ct,0¢) = 0 # Carc(Ct, 0t). Note that competitive ra-
tio R achieved with high probability does not directly imply
expected competitive ratio O(R), since the former notion
does not explicitly exclude inputs, on which the competitive
ratio is very high or infinite. We also note that this notion is
usually stronger and gives more realistic estimates than the
similar E[Carc (input)]/E[Copr(input)] ratio introduced by
Koutsoupias and Papadimitriou [13].

1.2 Contribution of this paper

In this paper we design and analyze a deterministic al-
gorithm MOVE-TO-FIRST-REQUEST (MTFR) for the DPM
problem. We prove that in the stochastic requests sce-
nario, its competitiveness is constant? with high probability,
for any constant-restricted network adversary. In this con-
text, high probability means that for any constant v we can
achieve probability 1 — O(D™7) by running the algorithm
sufficiently long. Additionally, we prove that in the worst
case (occurring with negligible probability) the competitive
ratio of MTFR is finite. These results assure that the perfor-
mance of MTFR stabilizes with time and additionally allows
us to conclude that on expectation its competitive ratio is
also constant.

1.3 Reated work

For the page migration problem in a static network, West-
brook [18] gave the first randomized O(1)-competitive algo-
rithms against oblivious and adaptive adversaries. See [4]
for a general discussion on the possible types of adversaries.
This result was improved for some network topologies like
trees and uniform graphs by Chrobak et al. [11] and Lund
et al. [14]. The first constant competitive deterministic al-
gorithm was given by Awerbuch, Bartal and Fiat in [1] and

2This constant depends on ¢, but we assume that « is a
constant for all practical applications.

the competitive ratio was subsequently improved by Bartal,
Charikar and Indyk [3].

Bienkowski, Korzeniowski and Meyer auf der Heide [7] de-
fined the DPM model and proved that for &« = 1 in adversar-
ial scenario (both request and configuration sequences cho-
sen by an adversary) the competitive ratio is ©(min{D,n -
V/D}) for an adaptive-online adversary. In [5] this ratio was
proven to hold also for deterministic algorithms, and the
competitive ratio against an oblivious adversary was proven
to be between Q(min{y/D - logn, D?3}) and O(min{v/D -
logn, D}).

Another contribution of [7] was defining a Brownian mo-
tion scenario, in which the network adversary is replaced by
some specific stochastic process. Precisely, all nodes perform
a random walk on a bounded area of diameter B. The pre-
liminary result of [7] for this scenario was extended in [6],
and the MAJ algorithm presented there achieves the com-
petitive ratio of O(min{+v/D,n} - polylog(B, D,n)) for the
case a = 1.

Our notion of network changes substantially differs from
the one introduced by Awerbuch, Bartal and Fiat [2], in
which nodes do not change their positions but can appear
and disappear. In particular, their algorithms are inappli-
cable in our model.

2. THEALGORITHM

In this section we present a deterministic algorithm MTFR,
which, on sufficiently long input sequences, achieves con-
stant competitive ratio on expectation and with high prob-
ability.

Let MTFR be a deterministic algorithm which divides time
steps into phases of length ¢ := D**!. In the first step of
each phase, after serving a request, MTFR moves the page
to the node which issued a request. In this paper we prove
the following theorem.

THEOREM 2. MTFR is O(1)-competitive, with high proba-
bility, and on expectation, in the stochastic requests scenario
of the DPM.

Let us introduce some notations. Let mmin = min; {m(¢)}.
Let

T =m, L (2)

D\ 2.0\
m.Y:(CT"Y'ﬂ_Q') (7) ) (3)

where cr is a constant, which will be specified later. In
the following, we prove that MTFR is O(1)-competitive with
probability 1 — O (D”Y) if run for T > T, time steps. Addi-
tionally, we prove that on the inputs of length T" > T, 1)2,
MTFR achieves expected competitive ratio O(1).

‘We prove constant competitiveness against ﬁ-restricted
network adversary. The proof for any O(1)-restricted net-
work adversary follows from the Reduction Lemma proven
in [5].

for

LeEMMA 3 (REDUCTION LEMMA). Let ALG4 be a (pos-
sibly randomized) algorithm, which is k-competitive against
an A-restricted metwork adversary. Then, ALGA is also
k-competitive against a B-restricted network adversary for



B < A. Additionally, for any B > A there exists an algo-
rithm ALGp which is % -k-competitive against a B-restricted
network adversary.

The idea of the proof of Theorem 2 is as follows. We
consider an input sequence Z of length 7. By P we denote
a set of all finished phases, i.e., of length ¢. At the end of
7 we might also have one unfinished phase; we denote it by
Plast- LThis way 7 = (&Jpepp) W Plast-

For clarity, the proof was divided into subsections and the
proofs of all technical lemmas were moved to the appendix.
In this subsection we show some general relations concern-
ing algorithm MTFR, and we define K, as the average cost
of communication in phase p. In Subsection 2.1 we show an
Q(Zpep Kp) lower bound on the cost of OpT, which holds
with probability 1 — O(D~") on input sequences of length
at least T,. In Subsection 2.2 we divide the input sequence
into three disjoint parts and prove for each part separately
that the cost it incurs on MTFR is, with high probability, at
most O(3_ p Kp). Finally, in Subsection 2.3 we prove that
even when the whole input sequence is generated by an ad-
versary, the competitive ratio of MTFR is at most O(£>T1).
We conclude that MTFR has constant expected competitive
ratio. In the proofs we are not aiming at minimizing con-
stants, but rather at the simplicity.

Since the network adversary is ﬁ—restricted7 the distance

between any two nodes can change only by at most 1/a <1
per round. First, we present some general relations. Let K
be the average cost of sending a unit of data between two
nodes in time step t, i.e.,

Ko 33w

=1 j=1

et (v, v5) (4)

We note that some of the terms contributing to the average
cost K are always 0, because we counted also the nodes
sending data to themselves. Therefore, we have

ZZ Ct(vhvj)
_Z ct(vi, vi) )
=0
+ZZ (1 +di (vi,v5)) -
i jFi

Let =32, m(@)m(j). It follows that K¢ > § for any
time step t. Let ky = /K:¢/B,1.e. K¢ = 3-ki. Then kt > 1
for all ¢, and it follows from the Jensen’s Inequality [12] that

|kev1 — ke <1/ (6)

for any two consecutive steps t and ¢t + 1. The proof of
Inequality 6 can be found in the appendix. As an immediate
consequence we get

Kivr (ke + 1) 1\*
< a < — < .
x, = e <(1+ o <e (7

The same holds for the quotient (M) for any two

ct(va,vp)
nodes v, and vp.

Let ¢*** be the maximum cost of communication between
two nodes in time step . We can also establish a relation be-
tween the average and the worst-case cost of communication
in any round ¢, as stated in the lemma below.

/
PALG

Figure 1: Illustration of Lemma 5

max

LEMMA 4. For any time step t, K¢ > b1 -Tmin-ci"*", where

b1 is a constant.

For any phase p we define the average phase cost K, =
Ztep K. In the next subsection we relate the cost of MTFR
and OPT to > Kp.

2.1 Lower bound for the OPT’s cost

In this subsection we show that for any phase p € P the
cost of the OPT in this phase is bounded from below by L,
which is a random variable with expectation Q(KCp). Addi-
tionally, 0 < L, < Zte "™ and all L, are independent for
different phases p € P.

Consider any phase p € P, and number all the time steps
within this phase from 1 to ¢. By [(]oaa we denote a set of
all odd numbers in the set {1,... ¢}. For all ¢t € [{]odaa, wWe
define

1
St = 3& Ct(Ut,Ut+1) . (8)
We note that for odd ¢, s¢ are independent random variables.
It follows from the fact that the adversary first chooses c: (-, -)
functions, and then (o) is randomly picked.
‘We can show that sum of s; constitutes a lower bound for

the OPT’s cost in phase p, i.e.
D osi=iL, 9)

t€[loda

Corr(p) >

To prove the inequality above, it is sufficient to prove the
following lemma.

LEMMA 5. For any algorithm ALG and any time step t
the cost of serving requests oy and o411 1S at least sq.

PRrROOF. The situation in time step t is depicted in Fig-
ure 1. Parc and PALG denote the nodes in which ALG has its
page in step t and ¢+ 1, respectively. If o+ = 0441, then s =
0 < Carc(ot,oe41) and the lemma follows trivially. Other-
wise, ALG has to pay at least ¢;(Pavrc, ot)+ci+1(Pang, 0t+1)
for the requests in steps t and t + 1 and D - ¢;(Pavg, PArg)
for moving its page at the end of step ¢t. Therefore,

CALG(t,t + 1)

= ct(Pava, 0t) + D - ce(Pava, Parc) + ci+1(PALg, 0t41)

1
> c¢(ot, Parc) + Ct(PALG7PALG) + P Ct(PALG7Ut+1)

We apply Skewed Triangle Inequality (see appendix) to get

1
Carc(t,t+1)> =
ava(t,t+1) 2 = oo

which finishes the proof. [

1 'Ct(UhUtJrl) > St ,



LEMMA 6. For any phase p, E[Lp] > ba - K, where by is
a constant.

PRrROOF. From the definition of s; we have
1
Els;] = — 3a ZZ Ct(vzyvj):?)_a'Kt )

and therefore E[Lp] = B[}, = si] = = Dtelt) gy Kt T
follows from Inequality 7 that two consecutive K; can differ
at most by a multiplicative factor of e. Therefore,

1 Ky
BL) 2 g Y g (Ko )

75€[f]odd
(Kt + K,
Z 5 .30 ; t 4+ Kit1)

1
= - K
2.¢-3¢ P

which proves Lemma 6. [

Additionally, L, are independent random variables fulfill-
ing0 < L, = Zte[l]odd st <D e, i Thus, using concen-
tration bounds we are able to prove that the random variable
ZPEP L, is concentrated around its mean. We do not have
any global upper bound on L, variables, which renders clas-
sical Chernoff bound [15] unusable. However, we can relate
Kp in any two consecutive phases, and use Hoeffding bound
[15]. Then with the help of a combinatorial Lemma 7, we
are able to guarantee concentration.

Let Ay := §/Kp/(€-B),1e. Kp=1L-5-A;. Ap is approx-
imately the average distance in phase p. Then we have an
obvious relation 1 < mingep{k:} < A, < maxiep{k:}, and
thus, by Inequality 6, for any two consecutive phases p; and
pit+1 holds

Appry — Ay, < max (o} —minfke} <20 (1/a) . (10)
tEpiL1 teEp;

From the symmetry, we have the same bound on the abso-
lute difference, i.e., |Ap,,, — Ap,| < Z£. We number all the
phases in P from 1 to m := |P|. Since all L, are indepen-
dent random variables, we can use the Hoeffding bound [15]
to show that

Pr (Y L, <%-ZE[LP]
Zpep E[L,] e (11)
o2 (Bl 55 (57 my?)

pEP teEp

=M

Using Lemma 4 and 6 we get the bound on M.

. (ZPEP ba - ]Cp)z

M2, 2
2 > per (Kp)
2
o by - b% 2 (ZpGP ‘AP)
- 2 min *

ZpEP (‘Ag)z

To bound the latter term we use the following combinatorial
lemma.

LEMMA 7. Let {A;}i2, be the sequence of m > 16 real
numbers, s.t. for any i, A; > 1, and there exists 6, s.t. for
any i < m, |Aix1 — As| < 6. If 6 > 1 and m > 6%, then

( ?;114?)2 mY\ &
samr 2t (7)o

where bz is a constant.

Finally, applying Lemma 7 with 6 = 2¢/a, results in

b2 EEa
M 2 bl b2 b3 ) ﬂ—Iznin : - . (12)
2 (2¢/a)e
If T'> T, then m > m,, and thus by setting cr := ﬁ,
2

we get M >~ -InD. It follows from (11) that Copr(P) >
1. > per ElLp] = Q3 cp Kp) with probability at least
1—exp(—M)>1-D7".

2.2 Upper bound for the MTFR’s cost

In this subsection we analyze cost of MTFR on input se-
quence Z of length T' > T, (for some integer ). We divide Z
into three parts and we show for each part separately, that

it incurs a cost O(3_,cp Kp), with high probability.

71 — a set of all time steps in all phases p € P, except for
the first step of each phase,

Z> — the last phase piast and time step 1,
T3 — the first steps of phases p € P, except for time step 1.

Part Z;: We show that Cuvrrr(Z1) = O(ZpeP Kp),
with high probability. We consider any phase p € P and
number all the steps within p from 1 to £. By F: we denote
cost of serving requests by MTFR in step t > 2. We have

E[F] = ZPr[m =iAoy = j] - ce(vi,vy)
,J
=YY Prloy =i - Prloy = j] - ce(vi, v;)
i=1 j=1
=K; .

Let (p)2...c denote the set of all time steps in p from 2 to ¢.
From the linearity of expectation follows

E[CMTFR ZKt <K, (13)

Since MTFR moves at the beginning of phase, random vari-
ables Cutrr((p)2...¢) are independent. Similarly to the pre-
vious subsection’s proof, 0 < Currr((P)2..0) < 30, ™™,
and thus we may apply the Hoeffding bound to prove that

> Curer((p)2.0) > 2> Ky

pEP pEP

con (-2 (TR) /S (Se))
pEP pEP tEp

<e™ |

Therefore, Cynrrr(Z1) =
—o().

O(>_,cp Kp) with the probability



Part Z,: To prove Cuvrrr(Z2) = O(ZPEP Kp), we
number all the steps within phase piast from 1 to |prast| < .

CrrrR (Prast) = D™+ > '™

tE€Plast

sﬁ(DKw > K

tEPlast

Let @ be the value of K, in the last time step of the last
phase from P. We may relate @ to the sum of K; before and
after that step, i.e. to 3 >, Keandto} ., Kby
the following lemma.

LEMMA 8. Fiz any sequence {K:} of length s and choose
any step to. Let Q := Ky,. Then,

1.0  Ki=0pB s +5-Q), and
2. 58 K =Q(B s+svT Q).

By Lemma 8, >, K, = O(3-£*"' +(-Q). By In-
equality 6, we have D - K1 < D-Q-e = O(¢-Q). Thus, the
total cost of MTFR in the last phase is

CMTFR (Plast) = OB Q) . (15)

Tmin

On the other hand, since T > T, > T, it follows from
Lemma 8 that

YKy = QBT+ Tie Q)

pEP (16)
a+1
:Q<g.(5> 4t .Q).
T min Tmin

We may combine (15) with (16) and get CvTrR(Piast) =
O3, cp Kp). Note that this bound holds in the worst case,
not only with high probability.

The cost incurred in time step 1 can be bounded similarly,

and therefore Cyirrr (Z2) = O(3 Kp).

peP 'VP

Part 7s: Third, we prove that with high probability
Cuvrrr(Z3) = O(ZPEP Kp). For any phase p, let (p)1 be
its first step. We have 0 < Currr((p)1) < (1 + D) - ¢i5F
and E[Cutrr((p)1)] = (14 D) - K(;),. Moreover, if we
consider the random variables Cvrrr((p)1) in odd phases
only, then all these variables are independent. Analogously
to the proof for part Z;, we can prove that

PI‘[ E OMTFR((p)l) = O(D . E K(P)l)] =1- O(Di'y).
pEP PEP
p odd p odd

The same bound holds for even phases. Since £ = D**!,
it follows from Lemma 8 that D - K,), = O(},c, Ki),
and thus Cmrrr(Zs) = O3 p Kp) with probability 1 —
O(D™).

2.3 Expected competitiveratio

When we combine the two results of the previous sub-
sections we get that on a sequence Z of length T > T,
the competitive ratio of MTFR is constant with probabil-
ity 1 — O(D™"). In this subsection we prove that it is also
constant on expectation. To prove it we need the following
bound.

LEMMA 9. For any input sequence (even when both re-
quest and configuration sequences are chosen by the adver-
sary) the competitive ratio of MTFR is at most O(£*T1).

In the proof of this lemma we will often use the following
bound which follows from Hoélder’s Inequality and is proven
in the appendix.

LEMMA 10. For any sequence of k mon-negative numbers
ai,az,...,ar and any integer s > 1 holds

(Zai)s < (Za?) kT

A inequality which follows from this lemma we denote, by @

PrOOF OF LEMMA 9. Fix any input sequence Z of length
T. We divide this input into phases. In the following we
concentrate on any phase p of length ¢ < £ = DT, We
number all time steps within p from 1 to £.

Let f = 2 3% We define a potential at the beginning
of pas ®g(p) := f- D - co(Purrr(l), PorT(1)), where co is
a cost function at the very beginning of the first time step
of p, i.e. before the network adversary moves the nodes.
We define a potential at the end of p as ®r(p) := f- D -
ceo (Prirrr (€o), Popr(€o)). At the beginning of first phase
po, ®B(po) = 0, because MTFR and OPT have their pages
at the same node, vi. For any two consecutive phases p;
and pi+1 holds ®r(p;) = ®r(pi+1). Thus, for proving that
MTFR is O(£*t!)-competitive, it is sufficient to show that
for any phase p

Currr(p) + @r(p) — P(p) < O - Copr(p) . (17)

Let F := do(Puvtrr(1), PopT(1)) be the distance between
the pages of MTFR and OPT in the very beginning of the
phase. Let X: be the distance between o: and Popt(t).
Finally, for any time step 1 <t < {p, let Y; be the distance
across which OPT moves its page in time ¢t (Og if it remains
in one node). We consider two cases.

If X; =Y: = 0g for all ¢, then OPT remains at Popr(1)
for the whole phase p, paying 0. On the other hand, in the
first step MTFR has to pay for serving request and moving
the page to o1 = Popr(1), i.e.,

Cuvtrr(1) (1+ D) - ci(Purrr (1), Popr(1))
2-D-e-co(Purrr(1), Porr(1))
®5(p) ,

where the first inequality follows from (7). After this step

the algorithm remains at the same node as OPT, paying O.
Thus, ®r(p) = 0, and the lemma follows in this case.

Otherwise, for some time step ¢ either X; # Og or Y # 0,
and therefore Copr(p) > 1. Additionally, the cost of OpT
in step ¢ is at least Copr(t) > X+ D-Y;®. In the first step,
the distance between MTFR and o; is at most F' + 1 + X1
(the distance from MTFR to OPT is at most F' + 1). Thus,
MTFR’s cost in the first step is at most

Currr(1) < (1 +D)-[F+14+ X"

<
<

(H)
<2D+2D -3 (F+ 1+ X7)
< O(D) + ®p(p)+ O(D) - X7

< OD) - Copr(p) + ®5(p) -
3If p is the first phase then ¢y = ¢1.




At the end of first step, MTFR moves to o1 and the distance
between Putrr(l) and Popr(l) becomes at most X1 +
Y:. In each step ¢ > 1, the distance between Purrr(t) =
Pyrrr(l) and Popr(t) can increase by at most 1 due to
the changes in the network made by the network adver-
sary, and additionally at most Y; due to the movement of
the OpT page. Thus, for ¢ € p, di(Putrr(t), Port(t)) <
X1+ 4 —1—25":1)@ =: U. We have

e 2 o) - <X10‘ iy (ZZOYt)Q>

t=1
Lo
H «a o a— «a
20o(1)- <X1 HOG T Y )
t=1

Therefore, for all 1 < t < £y holds Cyvrrr(t) < 14+(U + X3)*

D 14+001) [U* + X7 Since @r(p) < f-D-[1+U?], we

have

Lo
Z Currr(t) + ®r(p)
t=2
Lo
< O(lo+ D)+ Oty + D) -U*+0(1)- > X7
t=2
Lo
<OW)+0(¢) - <Xf* HO T Yf)
t=1

Lo
+O(1) > X
t=2
<O(**Y) - Copr(p)

which finishes the proof of O(£**1)-competitiveness. [

PrROOF OF THEOREM 2. Now we can apply this result to
compute the expected competitive ratio of MTFR on any
input sequence (Ct) of length T'> T, 1)2.

Carc(Cro0)] _ [, 1
oo {COPT(CMt) =(1-9( 5z ) ) -0
1 -

+0 (g ) -0

=0(1),
which finishes the proof of Theorem 2. [

3. CONCLUDING REMARKS

Our result shows that the scenario considered in this paper
is much more favorable than the one where both configura-
tion and request sequences are created by an adversarial en-
tity. This supports the claim that in fact the ratio in adver-
sarial scenario is so high, because the network and sequence
adversaries may combine and synchronize their efforts. The
constant competitive ratio of stochastic scenario presented
here follows from the fact that it is extremely unlikely that
the random requests sequence contains hard subsequences.
By hard subsequences we, informally, mean sequences simi-
lar to the ones used in construction of lower bounds against
oblivious adversaries [7, 5].

On the other hand, it might be interesting to consider
another scenario where 7 is not equal for each time step, but

depends, for example on 7 in the last step t—1. In particular,
the case in which 7, = A-m_1, for a fixed stochastic matrix
A might be interesting. Such a modes captures the locality
of accesses (e.g. if a processor v, accesses the page, then
either processor vy, or v, will access it in the next step).

The complexity of such Markovian scenario remains un-
known. However, we conjecture that if A does not contain
entries which are equal to 1, then it is possible to construct
an algorithm, which achieves a reasonably low competitive
ratio.

Another open question is whether it is possible to con-
struct an algorithm for the stochastic scenario, which will be

better than O (D(a+l)2)-competitive in the worst case, still

assuring constant ratio on expectation. Combining MTFR
with algorithms for adversarial scenario [7, 5] might be chal-
lenging and yield interesting results.
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APPENDIX
A. PROOFSOF TECHNICAL LEMMAS

PROOF OF INEQUALITY 6. We define ki as §/K./(3 — 1.
Equivalently K; = 8- (14 (k;)®) and ki = 1 + (k;)*. Let
§ = 1/a. As an intermediate step we will prove that ki, —
ki < 8; later we will use it to prove ki1 — ky < 4.

From the definition of k¢ we have 3-(ki)* =37, 3>, 7 (i)-
(4) - df(vi,vj). For succinctness of the proof we denote
-7(i) - w(j) by pi,;. Then

(kD)™ =D i - (delvi,v3)*
i#]
and 37, . pi,; = 1. We will prove that ki, < ki +9.
We fix any constant non-negative integer s < «, and con-
sider variables y¢(4,7) := (d¢(vi,v;))*~° for all i # j where

by
1
B

i,7 € [n]. Since the function f(y) = yo—= is convex and
Zi# pi,; = 1, we can apply Jensen’s Inequality [12] for the
ye(i,7) variables and get that

> i ye(i, ) < pig - lueli )5

i#] i#]

@

we obtain

and thus raising both sides to power

> pig - [de(0i, )17 = | i - [de(vi,v5) ]
i#j i#]
(ke)*™" .

Note that the inequality above holds trivially also for the
case s = a. Hence, we can multiply both sides of the above
inequality by (Z‘) -§° and sum them over all s € {0,...,a}.

220 <j> [de(i,v;) 77767 <Y <j> (k)60

s=0 i#£j

By folding the binomial formula, we get

> piy - [di(vi,vy) + 61 < (ki +6)°
i#5

But from the definition of k;,; we have

(kip)® = pije[dipr(vi,0) ] <Y piy-[di(vi,v;)+0]"
i#] i#]

Combining these two inequalities above, and taking a-th
root from both sides, we finally get ki, < k; + .

We have kiy1 — ke = §/(ki,)*+1— /(k)*+1 <
&/ (ky + 8)> +1— §/(kl)> + 1 =: g(k;). Function g is mono-
tonically increasing, as its first derivative is greater than 0
for ki, 6 > 0. Additionally, limy, o, g(kt) = 6, and therefore
g(ky) < § for all ki.

The proof of ki — ki1 < § is analogous, and thus Inequal-
ity 6 follows. [

PrOOF OF LEMMA 4. Fix any time step t. Without loss
of generality we can assume that the largest communication
cost occurs between the nodes vi and v, i.e. ci(vi,v2) =
c***. Then we have

K = ZZW(Z’)'W(]’) - ce(vi, v5)
> (1) - 7w(2) - ce(vi,v2) + 7(2) - 7(1) - ce(v2,v1)
+Z[7T(i)'7r(1)'Ct(vlwi)‘FW(i) - (2) - ce(vi, v2)]

> (1) - Tmin - ct(v1,v2) + 7(2) - Tmin - ce(v1,v2)
n
+ > (i) - Tmin - [ce(vi, v1) + ci(vi, v2)]
1=3

By an argument similar to the one used in Lemma 11 we
get c¢(v1,vi) + ce(vi, v2) > 2@%1 - ¢t(v1,v2), and thus

n

1

Ky > a1~ Mmin "’ ce(v1,ve) - Zﬁ(z)
i=1
1
=

which finishes the proof. [

ProoOF oF LEMMA 7. First, we scale down all elements

of sequence {A;} by dividing them by min{A4;}. Note that

m 402

the ratio R := % remains invariant, the property
i=1 2

|Air1—A;i| < 6 holds, and after scaling we have min{A;} = 1.

Let k = max{A;} and let S be the smallest possible (in terms

of the number of elements) subset of {A4;} with the following

properties.
e 1,kesS.

e Let {S;} be the sequence of all elements from set S,
sorted in non-descending order. Then for a pair of con-
secutive elements S; and Si4+1 holds |Si+1 — S| < 4.

For any integer j, let I; denote interval (6(j — 1),07]. and
let k := [k/d§]. It is straightforward that all elements of
the sequence {S;} belong to the [¥J7_, I;. Furthermore, each
interval I; from this union contains at least one element of



{S;} (from the second property of set S) and at most two
elements of {S;} (from the minimality of S).

In the trivial case, k = 1, all elements A; are between 1 and
0. Therefore,

(S, A7) (S A7)
STLAT)? T maxi AT}, A7
1
m m\ a1
> 5= ()

In the general case, kK > 1 and we have

R =

|S| K
DS =G - D) = a1 6% wT
i=1 j=1

for some constant ai, which depends only on «. On the
other hand,

|S] *

SRS 326 a6
i=1 =1

for some constant az. Thus,

2
(Zz‘es A7 + Zigs A?)
Pies AT+ g5 AT
(a1 0% KO 4 Y, AD)?
= as- 62& . K2a+1 + ZzQS A%a

Since Zigs A7 < max {A7} - Zig{S Al < k- Zig{S A <
(26 - k)™ - 3,45 AT, we obtain

R =

> afo** K22 4 2016 T 305 AT + (Bigs Ag)”

= a252a/{2a+1 +2a6a/€a ZlgsA? .
By omitting either the first of the third term from the nu-
merator above, we get R > a3 -k and R > aq - &&7

I
1
for some constants as, as. Thus if K > (m/6%)e+T, then
the lemma follows immediately. Otherwise, S contains at

1
most 2 -k < 2. ma+l elements, and thus Zigs Ad >

1-(m—2- ma}H) > . Therefore, in this case
aq m aq ay —L—
R > —. > . 0%) a+1
2 5 Fae 2 g M),
and the lemma holds. [

PROOF OF LEMMA 8. We have Q = 3 - ki,. Additionally
by Inequality 6 follows that for any ¢, |kiy1 — ke < 1.

First, we prove > ;_, Ky = O(3-5" +5-Q). We proceed
with case analysis.

1. If ki, <'s, then for any ¢, ks < s+ s =2-s, and thus
Yo Ki=8-5-(2-5)*=0(8-s*).
2. If kyy > s, then @ > (- s and then for any ¢, k; <

(Q/ﬂ)é +s<2- (Q/ﬁ)é. Hence, all values of K; are
at most 2% - Q, and thus >;_, K¢ = O(s - Q).

Second, we prove ».;_; K; = Q(ﬂ~s+sa;+1 -@). Since all
ke > 1, >0, Kt = Q(B - s). Thus, it is sufficient to prove
that Y7 | K¢ = Q(sa#+1 Q) for Q > B-sat1. In this case
kio = s%ﬂ, and thus there exist at least %sﬁ time steps t
in which k; > % -s%ﬂ, or alternatively, the value of K is at

least 55 Q. Thus, > ;_, K¢ > %sﬁ%Q = Q(sa;+1 Q).
This finishes the proof of the second part of the lemma. [

Proor oF LEMMA 10. For s = 1 the lemma follows triv-
ially. Holder’s Inequality [12] states that for any p,q > 1
s.t. % + é = 1 and for any non-negative sequences (a;)5_;
and (bi)_; holds 3, (a; - bi) < (3, al)V7 - (3, 61)"/¢. By
setting p = s, ¢ = =% and b;, = 1 for all ¢ we obtain

s—1
k k 1/s k (s—1)/s
s () (%)
i=1 i=1 i=1

By raising both sides to the s-th power we get the lemma. [

LEMMA 11  (SKEWED TRIANGLE INEQUALITY). Choose
any four nodes A,B,C,D € X and any time step t. Then
it holds ¢, (A, B) 4+ ¢,(B,C) + ¢:(C, D) > 3(1%1 -c(A, D).

PrROOF. If A = D then ¢:(A4,D) = 0 and the inequality
follows trivially. Otherwise, at least one of inequalities A
B, B# C, C # D holds. In either case
Ct(A7 B)-ﬁ-Ct(B7 C) + ct(C’, D)

>dy(A,B) +d}(B,C)+df(C,D)+1 .

Applying Lemma 10 we get

Ct(A7 B)+Ct(B7C) + ct(C’, D)

1 «
3a—1 (di(A,B) +di(B,C) + di(C, D))* + 1

di' (A, D)
> TRa-1 +1

. C,g(AA7 D) .

>

> 3a—-1

This concludes the proof. [J



