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Abstract obtained by varying metric, sites, environment, and con-
straints. In computer science they are widely used in clus-
We consider the expected number of Voronoi vertices (or tering, mesh generation, graphics, curve and surface re-
number of Delaunay cells for the dual structure) for a set construction, and other applications.
of n i.i.d. random point sites chosen uniformly from the A vast variety of basic and (relatively) simple algo-
unit d-hypercubd0, 1]¢. We show an upper bound for this  rithms exists for their construction such as the plane
number which is linear im, the number of random point  sweep, the divide-and-conquer, the incremental, and the
sites, whered is assumed to be a constant. This result gift-wrapping algorithm, see also Chapter 20 in the Hand-
matches the trivial lower bound af book of Discrete and Computational Geometry [5]. In fact
This is an open problem since several years. In 1991, most of these algorithms are actually specialized convex
Dwyer [2] showed that for a uniform distribution from the hull algorithms since there is a close connection with con-
unit d-ball the average number of Voronoi vertices is linear vexity. Any (d + 1)-dimensional convex hull algorithm
in n and it is commonly assumed that this holds for any can be used to computedadimensional Delaunay trian-
reasonable probability distribution. gulation. All these algorithms depend in their run time on
the number of faces of the Delaunay triangulation. Unfor-
tunately, ind dimensions this number 8(n!%/21) in the
worst case [7, 8] (for the usual diagram with the Euclidean
o ) metric).
\oronoi diagrams are a fundamental structure in several  Recent research attempts to quantify situations when the
fields of science besides mathematics and computer SCi-complexity of the Voronoi diagram is low or when it is

ence such as physics, geology, agriculture, geography,high [4]. The average case complexity was considered by
etc. Named after the Russian mathematician Voronoi [10] pwyer [2] who showed that fon i.i.d. random point sites

they have been ‘reinvented’ by other researchers, €.g., bychosen uniformly from the unit-ball the expected number
the physicists Wigner and Seits [11] or the meteorologist ¢ Delaunay simplices i®(n). It has been conjectured

1 Introduction

Thiessen [9].

The Voronoi diagram of a s& of n. points — called sites
— partitions space inta regions, one per site. The region
of a sites consists of all points that are closerd¢than to

that this bound also holds for any uniform distribution in a
convex domain but until now no explicit proofs were given
[2, 6].

For further reading on Voronoi diagrams and Delaunay

any other site. The straight-line dual of the Voronoi dia- - triangulations we refer to the survey by Franz Aurenham-
gram in the plane and its extension to higher dimensions mer [1], the book by Herbert Edelsbrunner [3] and Chapter

is called theDelaunay triangulation A triangulation of
a setS of sites is a complete partition of the convex hull

of § into fully dimensional simplices having the sites as
vertices. The Delaunay triangulation is the unique trian-
gulation of the set of sites such that the circumsphere of

every simplex contains no other site in its interior.

20 in the Handbook of Discrete and Computational Geom-
etry [5].

2 Average case

The |, this section we will present an average case analysis for

Voronoi diagram can be computed in linear time from the 1o number of Delaunay cells. LBtbe a set ofs i.i.d. ran-
Delaunay triangulation, using the one-to-one correspon- 4, points chosen uniformly from the unithypercube

dence between their faces.

[0,1]¢. Let D(P) be the Delaunay triangulation &?.

Voronoi diagrams have the great advantage to be a rathelgenerally, we will use that

simple but quite elegant structure with many extensions
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E [number of Delaunay simplices E(P)] =
n .
(d . 1) - Pr[c-ball(A) is empty

whereA is a randomd-simplex, i.e., it is the convex hull
of d + 1 random point sites chosen uniformly frdfn 1)¢,



andc-ball(A) is the smallest-ball enclosingA. Now we can bound the expected number of Delaunay
Unfortunately, in general it is simplices for each class;.
i For0 <i<logn—1itis
Pr[c-ball(A) is empty # (1 — vol(c-ball(A)))" ™+
E [number of Delaunay simplices S;]
for the following reason. All random point sites are from

inside [0, 1] while some part of-ball(A) might lie out- < n P _

k J A ‘Pr[A e S]

side of [0,1]*. Of course, the probability for a random d+1

point site to be in the outer part ofball(A) is equal to -Pr[c-ball(A) is empty| A € ;]
0 and therefore we must not consider the outer part. This p e (d 1)
causes the main difficulty in our analysis namely to bound "\ const. - 1\ 1y =

the volume ofc-ball(A) N [0, 1)< - \d+1 4\ 2 2

Fortunately, we can show the following crucial lemma

though we postpone the proof to Section 3. The expected number of Delaunay simplices for all classes

S()7 R 7810gn71 is
Lemmal Let A be a random d-simplex, i.e., its d + 1 log n—1

vertices are i.i.d. random points chosen uniformly from Z E[number of Delaunay simplices Si]
[0, 1]. Then for any constant a € [0, 1] it is

i=0
logn—1 i n—(d+1)
Pr [vol (c-ball(A) N [0,1]%) < a] < consty- a n ] 1)
< - consty Z —
d+1 ; 2
where consty is a constant depending only on d. =0
' _ _ . n logn—1 /) \ (log n—(i+1))-d+ s Gy
Based on this lemma we will now establish the main = ( ) - consty Z ()
theorem of this section. d+1 —~ \2
logn—1 4 2% (1- ) —(i+1)d
Theorem 2 For n i.i.d. random points sites chosen uni- = ( " ) - consty - — Z ()
formly from [0, 1]% it holds that d+1 nt = \2
E[number of Delaunay simplices] = O(n) . < n-constg- ((d +2) - 2004 4 1) = O(n) .

Proof. The main idea of the proof is to consider (classes The last step follows immediately if + 2 > logn — 1
of) simplices with a ‘large’ circumball that are very likely  since
to have another point site in their circumball, i.e., these

L L d+2 2% (1- ) —(i+1)d d+2
simplices are not Delaunay simplices. Then we show that Z (1) < Z o(i+1)-d
the remaining simplices with a ‘small’ circumball are very g 2 T =
few.
_o(d+3)-d
Let us assume w.l.o.g. thatis a power of 2. Let us < (d+2)-2 :
consider the ;") possible simplices that havier 1 of the In the other case it is
givenn random point sites as vertices. For the simplices v v _
with ‘large’ circumball we define classé, . . . , Siogn_1 logn—1 /42" (1=%2)—(i+1)-d  logn—1 /N
s.t. for a simplexA we have that Z 2 = 2) = 1,
i=d+3 i=d+3
1 1
AeSi & gy < vol (e-ball(A) N [0,1]7) < 7 where we assume that> 2 - (d + 1).
From Lemma 1 it follows immediately that The expected number of remaining simplices with
1 ‘small’ circumball can be bounded using Lemma 1, too.
Pr[AeS] < Pr [vol (ce-ball(A)N[0,1]%) < z} Let S, denote the set of simplices s.t. for a simplexve
2 have
1\* 1
S consty- (21) : A€ S & vol (c-ball(A) N[0, l]d) < ol

The probability for a simplexA € S; to be a Delaunay  Thenitis
simplex is
E [number of simplicesc S|

1 n—(d+1)
Pr|c-ball(A)isempty| A € S;| < (1 — ) 1
[ (&) Pyl ) 2t < ( " ) ~Pr[v0] (c-ball(A)N[0,1]%) < —
n—(d+1) n—(d+1) d+1 n
2iF1 1 i1 1
< (e < (2 . < nd+l -Constd~—d < n-constyg .
n



Now we can combine everything and by linearity of ex- B

pectation we get that \ /

E [number of Delaunay cells /

logn—1 _

< Z E[number of Delaunay simplices S;]

=0
+ E[number of simplicesc S| l l
< n-constg- ((d + 2)(d+3)'d + 2) = 0On) , e » e
which concludes the proof of Theorem 2. O . ,
3 Proofof Lemmal |1

Let p1,...,par1 € [0,1]¢ be the vertices of simplex

A = Alpy,---,par1), i€, Ais the convex hull (?f Figure 1: The 2 dimensional case: 3 point sites and their
Pis- -+ Pa+1- The volume of-ball(A) is given byVy - r circumcircles in the unit square. Generally, the position
wherer :d/;"(A) is the radius of the circumball ak and of the smallest hypercube containing all point sites is not
Vi = tri7aysy IS the volume of the unit-ball. We canap-  uniquely defined. When intersected ly1]¢ we consider
proximate the radiusg(A) and the volume of-ball(A) by the hypercube that has smallest intersection volume.

the following observation:

Since we actually want to bound the volume of

Observation 1 It holds that .
I ol tha c-ball(A) N [0,1]¢, we consider the (smallest) hypercube

2-r(A) > max ||p; — pjll2 containing all point sites that has minimal volume when
1si<jsd+l intersected byo, 1]¢. Therefore, we introduce the variable
Zmax Ipi = pjlloc value that indicates how much each dimension contributes

to the volume of the minimal intersection between a small-

=: maxwidth(A) est hypercube containing all the point sites &nd <. If
and therefore it is for a fixed dimension the coordinates of all point sites lie
1 close to 0 (or 1) then the dimension contributes less than
vol (c-ball(A)) > Vy- 24 maxwidth(A)? . maxwidth to the volume, namely only the distance of the

maximal coordinate to O (or the minimal coordinate to 1),
In other words we approximate the volume of cf.also Figure 1. In other words, the hypercube then sticks
c-ball(A) by a fraction of the volume of a smallest hyper-  out of [0, 1]¢ in this dimension.

cube containing all the point sites, ..., pg411, cf. also We define now the value of s&; to be
Figure 1. )

In a next step we will reformulate our random pro- maxwidth(Py, ..., Pa)
cess. Instead of considering+ 1 many d-dimensional if maxP; — maxwidth > 0
random variables (= point sites) we will combine the ran- value(P;) := and min P; + maxwidth <1
dom variables coordinate-wise leadingd®ets ofd + 1
random numbers each. In more detall, let us again con- min {maxP;,1 —minP;} else.

sider the point sitegs,...,psr1 € [0,1]¢ wherep; =

GV, p Y for1 <i<d+1. LetPy,..., P, bethe
sets s.tP; = {p§”, . ,pgﬁl} for1 < j < dandlet

With these definitions we can formulate the following
lemma.

Lemma 3 It holds that
vol (c-ball(A) N [0, 1]%)

width(P;) = maxP; — minP;

denote the maximal distance between two elemerii; in

We can now define the variabieaxwidth in another way ) 1\ 1 d
as > min {Vd- <2> i 1_[1value(73j) .
i
maxwidth(Py,...,Pg) = max width(P;) , Due to space limitations we defer the proof of Lemma

1<5<d . .
3 to a later full version of this paper.
which is consistent with the earlier definition, i.e., it is

maxwidth(A) = maxwidth(Py, ..., P4). (Therefore we From now on we will consider the following random
sometimes write onlynaxwidth.) process: we havé setsP,, ..., P; of d + 1 i.i.d. random



numbers chosen uniformly from the internjal 1]. From
Lemma 3 it follows that if we show that

Pr{ﬁvalue(Pj) Sa} = 0(a%) , @

j=1

then Lemma 1 is also shown.

In order to show (1) we will now establish two lemmas.
The first one covers the case thatxwidth is smaller than
&a, then it follows immediately thaﬂjl:1 value(P;) <
a. The second lemma covers the case thakwidth is
larger than¥/a and we have to spend some more effort to
show (1).

Lemma 4 For any value a € [0, 1] it holds that
,Pa) < a] = O (a?)

Proof. It suffices to bound the probability that
width(P;) < Ja for1 < j < d. For setP; we

fix the two elements with the maximal distance, i.e., we
fix max P; andmin P; where the distance between both
must not exceed/a. The remainingl — 1 elements irP;
must have values betweemax P; andmin P;. Now we
can write

Pr [maxwidth(P;, ...

Pr [width(P;) < ¥/a] <

1 Y
(d+1)~d'/ / Y -xX)"1dx dy (2)
0 Jmax{0,Y— /a}

where the outer intergral denotes the range of element 5]

max P;(=Y') and the inner integral the range of element
minP;(= X). The integration boundaries assure that
their distance is at mos/a. The integrandy — X)?~*
denotes exactly the probability that all remainihg 1 el-
ements ofP; are betweery” andX. The factor before the
integral is due to fixing the maximal and minimal element
in PJ

In order to solve this integral we will split it up in the
following way to remove the maximum expression from
the integration boundary of the inner integral.

1 Y
/ / Y - X)" ' dx dy
0 Jmax{0,Y— {/a}
Ya Y
/ / Y - x)"'dx dy
0 0
1 Y
+ / / Y —x)"! dx dy
YaJy-ya
Ya 1
: / yidy + / adY
0 Ya
1

d+1 d+1
-(d+1~ad +a—ad> <
It follows that

- a

QU= -

1
d

Pr [width(P;) < Va] < (d+1)-a =
Pr [maxwidth < \d/a] =0 (ad)

Lemma 5 For any value of a € [0, 1] it holds that

Pr [maxwidth(Pl, ...,Py) > V/a and

d
H value(P;) < a} <O (ad)
Jj=1
The proof of Lemma 5 is very involved and rather
lengthy. We defer it also to a full version of this paper.
From Lemma 4 and Lemma 5 it follows that Equation
(1) holds and thus Lemma 1 is shown.
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Appendix

Proof of Lemma 3

Lemma 3 It holds that
1 2d 1 d
vol (¢-ball(A)N[0,1)%) > min{ Va- (=] ¢ [] value(P))
2) caf I

Proof. We will consider two cases, namely that the centerbfill(A) lies inside]0, 1] (case i) and the case that it doesn't
(case ii).

(i) If the center ofc-ball(A) lies inside|0, 1]¢ it follows immediately that at least a fraction @f/2)¢ of c-ball(A) lies
inside[0, 1]¢. Together with note 1 it is
1\
vol (c-ball(A) N [0,1]%) > (2) -vol (c-ball(A))
(1)d v, (maxwidth)d
2 2

(;)zd Vg ﬁvalue(Pj) .

Y

Y

(i) LetB = B(c-ball(A) N [0,1]%) be the smallest axis parallel box containingall(A) N [0,1]¢ and letby, ..., by be
the width of box5 in each dimension, i.evol(B) = [, b;. In a first step we want to show that

=1 "1

d! - vol (ce-ball(A) N [0,1]4) > vol(B) . (3)
We know that _ b b
vol(B) = det( 0o te e b )‘
where0 = (0, ...,0)7 is the origin ancty, . . ., eg are unit vectors.

W.l.0.g. we assume thatis a vertex off3.
Consider now the case thaball(A) N [0, 1]¢ contains at leasf + 1 vertices of3 and let these vertices lieb; -

e1,...,bq - eq. The convex hull of these vertices, namely the simpglex= conv(0,b; - e1,...,bq - €q) is then
completely containd ir-ball(A) N [0, 1]* and therefore it isol (c-ball(A) N [0,1]%) > vol(S). From geometry we
knwo that

vol(S) = % -vol(B)

and therefore (3) follows.

Let us now consider the case thaball(A) N [0, 1]¢ does not contaim + 1 vertices of 3. Our goal is to place a
collection of simplices inside-ball(A) N [0, 1]¢ such that their sum of volumes is also equal ta! - vol(B).

LetC := (c1,...,cq) be the center oé-ball(A) and consider then thé hyperplanesX; = ¢i,..., X4 = ¢4 that
subdividec-ball(A) into its 2¢ equal parts. These hyperplanes subdivide #sato at most2?~! smaller boxes
(remember, the centet is not contained irf0, 1]¢). For each of these smaller boxes we will find at leést 1
vertices that lie also ir-ball(A) N [0,1]¢. As before we can take their convex hull to construct the desired sim-
plices, it follows also immediately that their sum of volumes is equa)t-vol(B). Thus (3) is shown, cf. also figure.

In the next step we want to show that

d

d
vol(B) = Hbi > Hvalue(Pj) ) (4)

i=1 j=1

Again we will consider two cases, namely thaball(A) N [0, 1]¢ and therefore3 contains at least one vertex of
[0,1]? (case a) and that it doesn't (case b). We will show now the following claim



Figure 2: In two dimensions: if three of the verticesd®belong also te@-ball(A) the construction of is straight forward.
In the other case two simplicés andS, are constructed in the depicted way.

Claim: It holds that value(P;) <b; foralll<j<d.

Proof of Claim:

(a) Let us assume thatball(A) N [0,1]¢ contains a vertex of0, 1]¢, say (v, ...,vq) Wherev; € {0,1} for
1 < j < d. SinceB contains all vertices of the simplex we can conclude that eitheraxP; < b;if v; =0
orthatl —minP; < b;ifv; =1forl <j <d.

If value(P;) = min{maxP;,1 — minP;} then the claim follows immediately. Kalue(P;) = maxwidth
thenmax P; — maxwidth > 0 andmin P; + maxwidth < 1. It follows thatmaxwidth < b; and therefore
value(P;) <b;forl <j <d.

(b) Let us now assume thatball(A) N [0, 1]¢ contains no vertex df), 1]¢. Since the center afball(A) ¢ [0,1]¢
we can assume that there is some nunihér< k < d such that up to ordering

b=+ -=bp >bgg1>--->bg .

In other words, there is a-dimensional faceF of [0, 1] such that the intersection ofball(A) and F is a
k-ball. (If we ‘added’ the next dimension we would obtaifka+ 1)-dimensional spherical cap.)

Since B contains all vertices of the simpleX it follows immediately thathy = --- = b, > maxwidth.
Therefore we can conclude thatlue(P;) < b; for1 < j < k.

Now consider some numbegr > k. Let Fx,—o be the facet ({d — 1)-dimensional face) of0, 1]¢ that is
contained in the hyperplang; = 0 and letFx,—; be the facet of0, 1]¢ that is contained in the hyperplane
X; = 1. Sinceb; < by the box3 ‘touches’ eitherFx, -, or Fx,—o, i.e., facets of3 are either contained
in Fx,—1 orin Fx,—o. And again, since5 also contains all vertices of the simpléxit follows that either
max P; < b; or thatl — minP; < b;. Analogously to case (a) it follows thataxwidth < b; and therefore
value(P;) < bjfork < j <d.

This concludes the proof of the claim and therefore (4) is shown. By combining (3) and (4) we have proven that
d
d! - vol (e-ball(A) N [0,1)7) > vol(B) > [] value(P;)
j=1

which concludes the case (ii) and therefore the proof of lemma 3.



Proof of Lemma 5

Lemma 5 For any value of a € [0, 1] it holds that

d
Pr | maxwidth(Py,...,Py) > /a and Hvalue(Pj) < a} <O (ad)

j=1

Proof. We will assume some ordering on the s@ts ..., P; as descibed now. Let the first sBt attain the maximal
width maxwidth > /a. Furthermore, let the following; sets haveralue = maxwidth (the elements li¢ar awayfrom
0 or 1) and let the remaining— 1 — dy =: d. > 0 sets haveralue < maxwidth (the elements lieloseto 0 or 1). So we
actually want to consider

Pr| value(Py) = width(P;) =: maxwidth > /a
value(Psz) = maxwidth
value(Py, 1) = maxwidth
value(Py, y2) = min{max Pg, 12,1 — min Py, 2} < maxwidth

value(Py) = min{max Py, 1 — min Py} < maxwidth
d
and H value(P;) < a ] . (5)
j=1
Since there are at mogt permutations of the sefgy, . .., P, we loose only a factor of at mogt when computing (5) as

a bound for the probability desired in the lemma.

In a first step we want now to find an expression for the probabilityithatwidth = width(P;) > #a. As in the proof
of lemma 4 we fix the two elements in $ef that have maximal distance, i.eapx P, (= Y') andmin P; (= X). Then we
can write

1 Y- #a
Pr [width(Py) > Va] < (d+1)-d- /f/ Y - x)tdx dy . (6)
“a JO

It remains now to tie this probability on the other conditions for the g&ts..,P;. To do so we will consider the
probabilities for these conditions now first seperately.

In a second step we want to consider the probability that thedyesets haveralue = maxwidth. From the first step
it follows thatmaxwidth = (Y — X). Furthermore, it suffices to bound the probability thatlth < (Y — X). For
2<j<dj+1itis

Pr|[value(P;) = (Y — X)] Pr|width(P;) < (Y — X)]
d

(d+1) (Y = X)

IANIA

(7)

where (7) follows analogously to the proof of lemma 4.

In a third step we want to bound the probability that the #&ts, 5, . .., Pq havevalue < (Y — X). Furthermore, these
sets must not contribute too much to the volul?jéz1 value(P;) since we want the volume to be at mastSo far we
assumed that the sefiy, . . ., Py, 1 havevalue = (Y — X). It follows that already(Y’ — X)?/*! is spent on the volume.
So for the remaining.. sets only a volume of

a a

vox)u T yoxpe A
is left. Therefore our goal is now to compute
d
Pr|d;+2<j<d:value(P;) < (Y —X) and H value(P;) < A . (8)

J=ds+2



Sincevalue(P;) = min{max P;,1 — min P; } it follows that
Pr[df +2<j<d:value(P;) < (Y —X)| <

ZPr[jeI:maxPj<(Y—X) and jeI’:l—minPj<(Y—X)] .
ING

wherel U I’ = {dy +2,...,d}. We conslude that

d
(8) < 2dc.Pr[df+2§j§d:maXPjS(Y—X) and H maXPjSA}
j:df+2

and thus we will show now the following claim in order to continue with the proof of lemma 5.

Claim: For any value of: € [0, 1] it holds that

d
Pr{df+2<j<d:max73j<(Y—X) and H maX”Pj<A}
j=ds+2
< o (Y- x)")

Proof of Claim:We present the following integral

o (Y=X) (Y=X) . .
dde / / z¢...z74 ..
Jo 0

A d+1
(mln{(Y—X),ledl}) dZ]_ dchfl (9)

and will now explain its meaning.

As before we fixed for each of thé. — 1 setsPy, 12, ..., P41 the maximal element 7y, ..., Z,, 1) which gives
the factord?-—1 in front of the whole integral. Thé. — 1 integrals give the range of the maximal elements, namely from O
to (Y — X). Now consider a se&®;. For the remaining elements ofP; the termZ;i gives the probability that they are not
greater than the maximal element. Thus we made sure that fdy + 2 < j < d — 1 the conditionmaxP; < (Y — X))
is fullfilled.

For the last seP; we have to assure on the one hand thatlafl 1 elements are not greater thélri — X)) and on the
other hand that the volume bound is not exceeded.

The probability for the first condition is exactlf’ — X)4*!. For the second condition observe that the sets
Pisi1,---,Pa_1 spentalready’; - -- Z;,, on the volume. Therefore, sey; may still spend at most/(Z; - -~ Za, 1)
on the volume. So all-+1 elements irP,; must not exceed this bound and the probability for thistig(Z - - - Z4,_1))?*!.

So the integra(9) expresses the probability demanded in the claim and if it is showr(@hat O (A? - (Y — X)%)
also the claim is shown.

In order to solve the integral in (9) we start with some preliminary observation. Forall let

A

R(k) := ¥ oxF

SinceA = T and(Y — X) > {/a it follows:

Observation 2 It holds that (Y —X)>R(d.—1).

In a first step we will split up the outermost integral in (9) into two integrals, one going fréoR(d. — 1) and the
other fromR(d. — 1) to (Y — X). We will see that the first integral can be solved in a straightforward way. For the second
integral we apply again our strategy but this time we split up the second outermost integral (though we use some slightly
modified integration boundaries). This results in an interative process leading to a final solution for the integral in (9).



For better readability let us also introduce the following abbreviation, let

A d+1
K = K(Zl,...,ch_l) = <m1n{(Y_X)7ZZd})
10 Zg. 1

Let us now have a closer look on the outermost integral in (9). Itis

(Y=X) (Y- X) (Y—X)
/ / / Zii"'chfl"Cer“ dZg, 1

R(de—1) (Y -X) (Y—X)
_ / / / Z8... 78 | KdZy - dZs, (10)
0 0
(Y-X) p(Y-X) (Y=X)
/ / / Zf'-'ch,l-/Cer“dchq . (11)
R(de—1) 0

In integral (10) the variabl&,; _, is bounded byR (d. — 1) and the variableg, ..., Z, _» are bounded byY — X).
Therefore, we can conclude that
A A

> = — .
Zy-Zao—1 (Y — X)dc—2 “R(d. —1) ¥ —-X)

It follows thatC = (Y — X)?*! and therefore

R(de—1) (Y- X) (v— X)

/0 A ' /o Z{-Zg - (Y = X)"aZy - dZg
R(de—1) do—2

0

1 de—1 1 (d+1)-(de—1)
— (Y — x\d+D)(de=1)  gdt+1 [ ___ =
<d + 1) ( ) (Y _ X)

de.—1
1 . Ad+1
d+1

In order to solve integral (11) we will split up the second outermost integral into two integrals, one going foom
R(d. —2)- Z; " | and the other fronR(d. — 2) - Z; " , to (Y — X).

(10)

(Y —X) (de—2)-25" (Y —X)
/ / / Z8. 78 KdZy dZg, (12)
d 71 0
(Y-X) pY-X) (Y —X)
/ /| / Zd 73 KAz dZa s (13)
R(de—1) JR(de~2)-27 - 0

The integral (12) can also be solved in a straightforward way. Since vaugble is bounded byR (d. — 2) - chl_l

we can conclude that
S A-Zg, 1
Z1 s ch—l - (Y — X)dc_3 . R(dc — 2) . ch—l

It follows thatC = (Y — X)?*! and therefore

X) R(de—2)-Z5', (Y-X)
/ / Z{l"'Zj._1
1) 0 ‘

(Y -X)*dz, - dZy

(Y —
L
(Y-X) [R(de—2)- Z—1 . 1 d.—3
LT ()
R(do—1) d+1 ° °

(Y - X)(d+1)~(dc—2) dZg, o dZg,

(Y =X) de—2 {
- / ( ) at Y az,
R(de— Zd.—1
de—

1)
<) ()

= (Y -X) .

(12) =



In order to solve integral (13) we will split up the third outermost integral into two integrals, one goingOfrimm
R(d.—3)-Z;', - Z;' | and the other fronR4, 3 - Z;*, - Z;* | to (Y — X). The whole process continues now
analogously. But stIII we will carry out here the computatlon of the next integral for reasons of better illustration although
the depiction becomes more and more uncomfortable. It is

R(de=3)-25" 525, ¥=x)
R e
R(de—1) de—2)-Z; ", 0

(Y-X) p(Y-X) (Y-X) (Y-X)
/ / / (15)
R(de—1) JR(de—2)-Z ;' JR(dc—=3)-2;" -7} 0

-1

As before we can conclude from the ranges of the variables. ., Z,;, _; that = (Y — X)4+1, After solving the
inner integrals up to the two outermost it remains that

(Y-X) p(Y—X) 1\ %3 ] 1
— AT © 4z, ,dZ
/(d,l /(d —2).2;% <d+1> Zagyn Zgo—y 2000
de—3 (Y-X) Y — X)de—1 1
( > Ad“ In (ch_l ! ) ) : dZq,
d+1 R(dcfl) A Zd.—1
de— d. (Y-X)
1 Y - X 1
(d > CA <( ) ) / dZq.—1
+1 A R(de—1) Ldo—1

- (d+1>d_3 A4+ I <(Y—AX)d“)2

Of course with integral (15) we proceed analogously. To summarize the results so far we conclude that

(14)

IN

de de—1 i—1
- </ 1 \* (Y — X)de
de—1 _ gd+1 )
Rl S G N (e "
=1 N———
>1

Since for every numbek there is a constany, s.t.c;, - = > In(z)* V2 > 1 we get that

d, d.—1
B c 1 c ( )(ic
16 < ddcl,E: _4d+1_i . Y — X
( ) - i—1 <d+1> ¢ 1 11

de—1 i
: 1
< dRT AT (Y = X) % eg, —
= ( )% a1 ; d+ 1
< d%?eq AT (Y = X))

and thus the claim is shown.

It follows that

d
Pr|d+2<;j<d:value(P;) < (Y —X) and J] value(P;) <A
j=ds+2
2% . dde=2 . cq - AT (Y — X)L 17)

We can now put all the pieces together and present an overall expression for the probability (5) in order to show lemma
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5. For this purpose we extend the integral in (6) in the following way. It is

Y- /a df+1
(5) = (d+1)-d- / / (Y — X)4 HPr [value(P;) = (Y — X)] -
d
Prld; +2<j <d:value(P;) < (Y — X) and H value(P;) < A] dX dY
j=ds+2
<

(d+ 1)~d~/;a/oy_%(y—x)“ : <(d+ 1)~(Y_X)d>df~

<2dc dle2 ey AL (Y — X)dc> dX dY

1 Y- a
(d+1)df'+1-2dc-cdc_l-ad~/ / (Y — X)%"tdx dy .

The second last step follows with (7) and (17) and the last step ﬂineem anddy =d —d. — 1.
Now for the integral in this last expression we get

1 Y- ¥a 1 1 4
// (Y—X)d“‘ldXdY:d—~/ Y — (Va)™ av
YaJo c Ja
1 1

(@ (k) 9) < b

>0

Thus we can finally conclude that

L 4 < O(@a?)

< N5+t ode (o o
(5) < (d+1) Cd.—1 & (.11 a® <

which ends the proof of lemma 5.
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