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Abstract. Multi-evaluation of the Coulomb potential induced By particles

is a central part ofV-body simulations. In 3D, known subquadratic time algo-
rithms return approximations up to givabsoluteprecision. By combining data
structures from Computational Geometry with fast polynomial arithmetic, the
present work obtains approximations of prescribablative errore > 0 in time
O(éN - polylog N).

1 Introduction

From the very beginning a major application of computers consisted in the simulation
of physical objects. Nowadays for instance so-cale@ody Simulationsave become

quite standard a tool ranging from very small particles (Molecular Dynamics) to entire
galaxies (Astrophysics). Among the different kinds of attracting/repelling forces gov-
erning the motion of such point-like objects, Coulomb’s (equivalently: Newton Gravi-
tation) is both most important and most challenging: because of its slow spatial decay
('long-range interactiol), a fixed object experiences influences from almost any other
one in the system. Naively, this leads to quadratic €4s¢?) for simulating its evolu-

tion over (physical) time step by stép— t+7 — t+27 — ... — t+7T.

Formally, letz,, ..., xx € R? denote the particles’ positions in physical space and
c1,...,cn € R their respective charges — in case of gravitational: their masses. The
respective potential and force acted by parti#le upon particle#/ is then given (up
to constants) by

1 Ty — Ty

T o —"T and  fie = o
zx — @2
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where||z||; = />, 27 denotes Euclid’s norm. Consequently, tio¢al potential or
force experienced by particle

b = > o OF  Fy o= Y fu, )

ke k£l

has to be computed for eaéh=1,..., N repeatedly and thus better fast. A straight-
forward way according to (1,2) proceeds by evaluafingums, each ranging ovér—1
terms:O(N?). Even when exploiting symmetry to save a factor of 2, this asymptotic
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severely limits scientists’ desire to simulatg>10° particles over large scales of phys-
ical timeT>10°7.

In the 2D case, a major breakthrough was achieved bgA30ouLIS[6] who de-
vised an algorithm with quasilinear ca8{N - log> N). His approach is based on fast
arithmetic for complex polynomials, identifyirig? with C.

In the practically more important 3D case, state-of-the-artimplementatioriseese
Codes and Multipole Expansions as invented by BRNES & HUT [1], taken care
of worst-case distributions [4], and further improved bREENGARD & ROKHLIN
[5]. In this framework BN & REIF & TATE [7] designed an algorithm using(V -
log V') many (cheap integer) operations and ofily? - N) floating point instructions
to approximate the potential. They call= log(C/¢) the "accuracy of the output,
wherees denotes the error bound to be achieved @né > |¢;| the total charge. Let us
point out thatC'/e, although being relative w.r.t. the total charge, dnesnecessarily
describe the output precision in the relative sense; in faspecifies the number of
terms considered in the multipole expansion for approximating the true value of the
potential up toabsoluteerrore. Particularly in spatial areas of low fieft, <« C, this
notion of approximation can turn out as unsatisfactory.

The present work complements [7] by approximatingfalup to arbitrary but fixed
relative errore > 0 within quasilinear time9(NV - polylog N). A first step, Sect.2
recalls that the Euclidean norm Rf permits approximation up to relative error>
0 by a certain other norm whose unit ball is a simplicial polyhedron having at most
f < 0(1/e4=1/2) facets. Section 4's central Theorem 4 states that, when replacing
in (1) the Euclid norm by such one, all, together can be obtained exactly using only
O(fN - log?t2 N) operations. Throwing things together this yields in 3D our main

Result 1 Giveney,...,cy > 0andx,,...,zxy € R3, one can approximat®;, &,

..., @y according to (2) — i.e., the value of the gravitational/Coulomb potential in-
duced by masses/charges of respective strengths positionsz; — each up to rela-
tive errore > 0, usingO(%N -log® N) operations.

Technically speaking, we combine tRange Tree data structure from Computational
Geometry [2] with fast polynomial arithmetic. Both ingredients and the way to exploit
them for the above problem are discussed in Section 5 and 6, respectively.

2 Approximating the Euclidean Norm

As is well-known [9], the unit balB = {z € R? : ||z|| < 1} of some nornj| - || in R¢
is a closed, centrally symmetric, bounded, convex set Withits interior. Conversely,
any such seB gives rise to a horm

RY 5 = +— inf{A>0:x/)\e B}

having B as unit ball. We shall approximate the Euclidean norm up to relative error
e > 0 by replacing its smooth unit bal with a simplicial polyhedronP having 'few’

L each(d — 1)-dimensional face (face) is a simplex
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facets such thatl —<)B C P C B. PN (—P) C Bisthen a centrally symmetric,
closed, bounded, and convex body containjihg- ¢)B; it thus induces the desired
norm.

Consider on the Euclidean unit bdll a spherical cap of small radiys > 0 as
indicated to the right. Elementary geometry yields that the distance to the origin of any
point onB’s surface, after cutting off such a cap, is decreased freml to no less than
h = 1—0(6%); cf. the figure below. Now recall [8] that the surface of thdimensional
Euclidean ball can be covered K)(1/5)¢~1 spherical caps of radius> 0. In fact to
prove this claim, RGERSconstructs dariangulation of B’s surface of this size. We
choose) := /¢ and take that triangulation (rather than his caps) to olta@rs above.

h=vV1-50~1-4§)2 EPCOT ILLUSTRATES
for § <« 1 ROGERS CONSTRUCTION IN3D

3 Dealing with the 1-Norm

In Sect.6 we shall prove the central

Theorem 2. Let )y, ..., ¥y denote rational functions in € C, given by the coeffi-
cients of their respective nhominator and denominator polynomials, all having degree
at mostA € N. Upon input of thes@ AN coefficients, okq,..., 2z, € C, and of

ai,...,ay € RYandb,,..., by € R?, itis possible to jointly compute the sums
N
> Wk(z), £=1,...,M intime O((M + AN)-log”(N) -log*(AN))
ar=<be
where a<b & Vi=1.d: a; <; b; and =<.€ {<,<,>, >}

is arbitrary but fixed.

Expressions of the form Y~  over a semi-group for given’s and oneb, are

) . k:ar<by . .
known in Computational Geometry &thogonal Range Queries. However in our
caseseveralsuch queries are to be answeredffer 1, ..., M; furthermore, one has to

account for the preprocessing and the more complex semi-group operations involving
rational functions.
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To further exemplify Theorem 2, let us apply it to (L1)

the computation of alb,,...,®&y in (2) for the
case of||z|; = > |x;|. Observe that irfR?¢ this (-1.0) (1.0)
1-norm is a simplicial polyhedral norm witB?
facets. Moreover, restricted to somgper-quadrant
TT°,[0,+00), |- isalinear map. In particular x,
(=1.~1) x5

o R S =1 Pg(2)

Nar — 2oll+ d
lxx — 2|1 Dlim1 i — 2|, T

provided x; > x, holds componentwise. Also notice that is a rational function
in z € R of degreeA = 1. By letting aj := x, by := x,, M := N, one can thus
compute theV sums > 1, according to Theorem 2 within total tim@(\ -
10gd+2 N) ki, <x,

In fact by partitioningR< \ {0} into disjoint (half-open/-closed) hyper-quadrants, it
is possible to decompose eathinto 2¢ many sub-sums, each one calculateable within
the above time bound. In 2D for instance,

by — @22,>) + @2«2) + ¢2S,<) + ¢2>,§)

where for example

=1/(zro—zK1+2), =2:=Te1—Ti2

——

¢2<72) — Z Ck ]./Hwk:_wenl
k:xp <xo1
ATp2>T o2

is again of the form covered by Theorem 2. Generalizing to higher dimensions in a
straight-forward way, we thus have the following

Corollary 3. A 'modified’” Coulomb/gravitational potential oV particles, namely
w.rt. the 1-norm| - ||; on R? instead of the Euclidean one, can be evaluated at all
particles’ positions exactly within onl§(N - log?™> N ) operations.

4 Dealing with Simplicial Polyhedral Norms

After this example, we now consider an arbitrary simplicial polyhedral ripifrand its
respective unit balP. Again deal separately with each coie = (J,., AF' spanned

by the origin0 and one ofP’s facetsF’; then calculate the partial sums ¢§ =

Z Pkl -

kixp—x,eC
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In case of the 1-norm, each su€hwas some hyper-
quadrant; fortunately the gener@l can be reduced H,
to such hyper-quadrants by a simple linear transfor-
mation. To this end consider thewalls of C' (sim-
plex!) and their respective supporting hyperplanes
Hy, ..., Hy, oriented such that' lies on their posi-
tive sides; let:; denote the signed distanceot R?
to H;. Linearity of ' : R? — R?, a +— ' yields:

xz,—x€C & x, —x,ecl0,00)? .

Finally considerH,, the hyperplane supporting’
translated to pass through the origin and orient
such that lies on its positive side; let;, denote the
signed distance aof to Hy. Then forxy, — x, € C,

_ A ! .
|zx — x| = 2}o — 2405 hence UNIT BALL P OF A
2D POLYHEDRAL NORM

S e = 3 @) k() = e/ (@ho — 2)

kixp—xoeC x>

is of the form covered by Theorem 2 and therefore can be calculated wdtiih-
log®™ N) steps; indeed, each of thélinear transformation®? > @, +— (x4}, x},) €
R'*4 is computable with constant costfjxed). And that completes the proof to

Theorem 4. Based on Theorem 2, one can evaluate a 'modified’ Coulomb/ gravita-
tional potential of N particles, namely w.r.t. a simplicial polyhedral norn || on R¢
instead of the Euclidean one, exactly witltiif N - log®™* N) operations wheref
denotes the number of facets Bf:= {z € R? : [|z]| < 1}.

It thus remains to prove Theorem 2. To this end, we shall construct and exploit a
Range Tree data structure as is known from Computational Geometry. However for
our purpose, nodes correspond to (ranges of) rational functions rather than to (ranges
of) points; similarly, a query does not report points but performs multi-evaluations. The
costs inferred by the latter and some other operations on rational functions are recalled
in the next section before proceeding in Sect.6 to the actual proof of Theorem 2.

5 Fast Arithmetic for Rational Functions

An important ingredient to our algorithm is fast arithmetic for polynomials in one com-
plex variablez, based orrast Fourier Transformation (FFT). For later reference, we
briefly collect the running times for two basic operations.

Lemmab5. a) The product of two polynomials of degree at mesboth input and
output represented by respective lists of coefficients, can be computed if(time
logn). [3, THEOREM2.8]
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b) A polynomial of degree at mostcan be multi-evaluated at: given points simul-
taneously within total timé ((m + n) - log® n). [3, COROLLARY 3.20]

Itis worth while emphasizing that the above upper complexity bounds, although quoted
from a theory book, are well-known in practice and correspond to highly efficient algo-
rithms.

Lemma 5 obviously holds as well for rational functions in one complex variable
represented in the forrmominator/denominatgmoth being polynomials of maximal
degreen and given by their respective coefficient lists. To be precise when talking about
arithmetic on rational functions, let us agree the value ef «/3 with «, 5 € C[Z] at
some zera of 3 to beundefined (z) := co even in case of emovablesingularity,

i.e., even whem(z) = 0 is a zero of same or higher order. Furthermarg: co := oo,
z-00:=00,and z/oo := oo forall z € CU {o0}.

Corollary 6. a) The product of two rational functions of degree at mestan be
computed in tim&(n - logn).

b) A rational function of degree at mostcan be evaluated at: given points simul-
taneously within total timé ((m + n) - log® n).

¢) The sum of two rational functions of degree at mostan be computed in time
O(n -logn).

The last claim holds by calculating the sum of two rational functions according to

) o ai(?) az(z)  ai(2) - fa(z) + ax(z) - Bi(z)
it = 3y Y RGe) T 61(2) - B (2)

using three polynomial multiplications and two additions. The result is then of degree
no more thandeg(v1) + deg(v2).

6 Interval Tree of Rational Functions

We finally come to prove the announced

Theorem 2 Let¥ = {¢1,...,9¥n} denote a family of rational functions in € C
of degree at mostA\ € N, given by their respective coefficients. Upon further input
ofafamilyZ = {zg,...,2p_1} C C,0f A= {ag,...,any_1} C R? and of B =
{bo,...,byy_1} C R? it is possible to jointly compute thel sums

Z Ui (2e), 0=0,..,M—-1
k:a<by
intime O((M + AN) - log?(N) - log?(AN)).
The proof proceeds by induction ah starting with dimension 1. W.l.o.g. léf a
powerof2,ap < a; <...<ay_1i <ay:=o0, '< ='<.
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EXAMPLE OF AN INTERVAL TREE, FOR SIMPLICITY ON DATA a), = k.

The Interval Tree is a complete binary tree witv leafs; each leveli = 0,1, ...,
log(NN) corresponds to a partition of the real interya),oc) C R into N/2¢ sub-
intervals I = [a;.9i,a(j41y.2¢), j = 0,...,N/2" — 1. For each sucll = I; ;, j <
N/2" —1,letI" := I, ;11 denote its right neighbor.

The algorithm performs the following steps:

A) Construct the above tree.
B) Foreachi =0,...,log(N)
C) ForeacW =0,...,M —1
determine the uniqué; containingb,, j =0, ..., N/2¢ —1;
endfors;  this gives rise to a partitior?;; := {2, : by € I;;} of Z.
D) Foreachj=0,...,N/20 -1
i) compute (the coefficients ofy); := Z Vi, 1 =1,

k:ap€el
i) multi-evaluatey; on thosez, with b, € I’ as obtained in C)
endforj
endfori.

E) Foreac =0,...,M —1
compose the desired sumz ¥y (z¢) by adding up at mostog(NV)
k:ap <bg
many of the precomputed; (z).

Looking at the above sketch of dnterval Tree, one easily confirms that the latter
composition is always feasible. Concerning the analysis, Step E) obviously contributes
O(N -log N) to the total running time. Step A) cosfg N - log N). Within the j-loop,
Step C) can be performed in tinGg M - log(IN/2")) by means of binary search. Step i)
of the i-loop costs O(AQZ' . log(AN)) according to Corollary 6d); indeed;; is a
rational function of degree at mogt2* and furthermore the sum of two others, say
vy andvy y/, the already have been computed during passl. Step ii) finally takes
O((my; + A2Y) -log”(AN)) according to Corollary 6b)m;; = |Z;;|.

Since theZ;; partition Z, Zj m;; < M; one single pass of thieloop costs

O(M -log(N/2")) + O(AN -log(AN)) + O((M + AN)-log*(AN))
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which is < O((M + AN) - log*(AN)). Counteri running fromo to log(N) infers
another factor ofog(V), and that completes the induction start. O

Observe that already the just proved cdsel allows to reproduce ERASOULIS
result [6] ongeneralized Hilbert Matrices (although with one additiondbg-factor):

Corollary 7. Givency,...,cy € C and pairwise distincty,...,zy € C, one can

compute theV sums > %k p=1,...,N within time
Z — 2y

O(N -log® N). i

Indeed,yy.(2) := - is a rational function of degred = 1; hence according to

Theorem 2, both parts of Zk# Ye(2e) = Dpco¥r(ze) + 2 pop¥r(ze) canbe
obtained for = 1,..., N within the claimed running time by choosing, := k ¢ R!
and b, := ¢ € RL.

7 Range Tree of Rational Functions

The induction stepd — d+ 1 in our proof for Theorem 2 borrowRange Trees from
Computational Geometry [2]. For datay, a),) € R'*, this is defined recursively to
be a (1D)Interval Tree on datax;, € R with nodes consisting ef-dimensionaRange
Trees on (appropriate ranges of) daia € R?.

In our case, we use it to store, process, and multi-evaluate sums of rational functions.
For (B¢, be) € R4, £ =0,..., M — 1, the algorithm proceeds as follows:

A) Construct arinterval Tree on dataay, £k =0,..., N — 1.
B) Foreachi =0,...,log(N)
C) Foreachj =0,...,N/2! -1
i) determined;; := {ay : ax € I;;} and ¥;; := {9, : ay, € I;;};
ii) determineB;; := {by: B, € I;;} and Z;; := {z; : B¢ € I;;};
iif) apply Theorem 2 to thessulxollections¥; ; C ¥, Z; ;11 C Z,
Az’,j - A, anqu',’j_i_l C B.
This will yield all sums > 4y (z) for gy e I'.

k:apel
endforj aj<bg

endfori.
D) Foreack =0,...,M —1
compose the desired sumz ¥ (z¢) by adding up at mostog(N)

k:ap<pBe
a,<bg

many of the precomputed ~ ¥ (z,) with 3, € I'.
k:apel
ap<by
Again, the latter composition is always feasible due tolttierval Tree’s properties.
Like in Section 6, the running times are dominated by Step iii) of the innermost loop. Let
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mi; = |Zi;j| = |Bi;|; observen := |;;| = |A4;;| = 2° < N and againy_; m;; < M.
By induction hypothesis, a whole run of thidoop thus infers cost

N/2t -1

O( Z ((mij + An) - log?(n) - 1og2(An))>
7=0
< O((M+ AN) - log(N) - log®(AN))
and thei-loop gives another factdog (V). ad

8 Conclusion

We presented a quasilinear time algorithm for a central proble@d-diody simula-
tions: determining for each particle the potential it experiences by the other particles.
Other than previous approaches, our approximation achieves guareeitdiz@ errors.
Whereas [7] used a synthesis of Algebraic and Numerical Computing, we combine Al-
gebraic Computing with Computational Geometry. This technique yields (Theorem 4)
that for a simplicial polyhedral norm with 'few’ facets rather than the Euclidean one,
the potential fields can be evaluatexactlyin quasilinear time. Since the Euclid norm
permits approximation by simplicial polyhedral norms with 'few’ facets (Sect.2), the
claim follows.

In fact, Theorem 4 immediately generalizes to higher integral (positive or negative)
powersof simplicial polyhedral norms:

Theorem 8. Fix d € N, ¢ € Z, and let|| - || denote a simplicial polyhedral norm ¢

with f facets. Then one can compute, upon inputof .., zy € R¢andcy,...,cx €
R, all
By = Y llme—m]?  L=1,...,N
k£l

exactly using) (f|q|N - log”(N) - log*(|g|N)) operations.

To be fair, Result 1 requirgsositivestrengths:; > 0. In case of gravitation that condi-
tion is naturally met by all masses; whereas Coulomb charges (ions) do occur with dif-
ferent signs. In practice one would simply treat the positive and negative ones separately
and then subtract their respective contributions. However in strict terms of worst-case
analysis, doing so violates the relative error bounds: the difference of two approxima-
tions may lead to infinite relative deviations.

Another issue, the high powers hfg(NV) in our results might already in 3D not
be as negligible as the common notiaguasilinear timé suggests. Of course)(N -
polylog N) does pay off eventually against the nai9éN?) approach asV — oo;
whenbreak-even occurs is about to be examined in practical implementations. Theo-
retically, Fractional Cascading [2] might help removing at least one facthig(NV).
Also it is quite conceivable that multi-evaluation (Lemma 5b) has only complexity
O((m + n) - log" n), thus saving anothdeg ().

However the most central open question is of course @és1 3D Coulomb fields
be evaluateexactly in subquadratic time?
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